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Let us consider the problem of estimating of states of systems with discrete time which
describes by the equation of state of some system

~xk+1 = ~xk + Ak~xk + ~ξk; ~yk = Ck~xk + ~ηk; k = 0, 1, 2, ... (12.1)

where ~xk are the n-dimensional vectors of state; ~yk p-dimensional vectors of observed of
exit variables; Ak are square n × n matrix; Ck are matrices of dimension p × n; ~ξk and
~ηk are some vectors of obstacles which have dimensions n and p respectively and which
satisfying the condition

~ξi ∈ G, G = {~ξi :
k∑

i=0

‖~ξi‖2 ≤ 1}.

E ~ηi = 0, E ~ηi~η
T
i = Ri.

In this article we consider the following problem of estimating of state ~xk: to find
matrices Ki of dimension n×p and vector ~l of dimension n which minimized the expression

max
~ξi∈G

E
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)T

V
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)
, (12.2)

where V is a nonnegative definite matrix of sizes n× n.
Let L1 is the set of matrices of dimension n× p; L2 is the set of vectors ~l of dimension n.

THEOREM 12.1. Under above formulated assumptions

max
~ξi∈G

E
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)T

V
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)

= λ1

{ k∑

i=1

Zi+1V ZT
i+1

}
+

k∑

i=1

TrRiK
∗
i V K∗T

i ,

(12.3)

where the matrices Zi satisfy the recursion equation

Zp+1(I + Zp) = Zp −K∗
pCp; p = 0, . . . , k; Zk+1 = I; ~l∗ = Z0x0;

the matrices K∗
i satisfy the equations
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−
s∑

i=0

piCjSj ~ϕi~ϕ
T
i + RjK

∗
j V = 0; j = 1, . . . , k; (12.4)

where pi > 0;
∑s

i=0 pi = 1 are arbitrary variables, ~ϕk, k = 1, . . . , s are orthonormal
eigenvectors which correspond to the maximal s-multiple eigenvalue λ1 of the matrix∑k

i=1 Zi+1V ZT
i+1 , the matrices Sp satisfy the system of equations

Sp+1 = Sp + ApSp − V ZT
p+1; p = 1, . . . , k; S1 = 0. (12.5)

Proof. It is obvious that

(
~xk+1 −

k∑

i=0

Ki~yi −~l
)T

V
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)

=
(
~xk+1 −

k∑

i=0

KiCi~xi −
k∑

i=0

Ki~ηi −~l
)T

V
(
~xk+1 −

k∑

i=0

KiCi~xi −
k∑

i=0

Ki~ηi −~l
)T

Let us consider the system of recursion equations

Zp+1 = Zp − Zp+1Ap + KpCp; p = 0, ,̇k

with initial condition Zk+1 = I. Then using (12.1) after obvious transformations we have

~xk+1 −
k∑

i=0

KiCi~xi = ~xk+1 −
k∑

i=0

(Zi+1 − Zi)~xi −
k∑

i=0

Zi+1Ai~xi

+ ~xk+1 −
k∑

i=0

Zi+1(~xi+1 −Ai~xi − ~ξ)

−
k∑

i=0

Zi+1Ai~xi +
k∑

i=0

Zi~xi

= Z0~x0 +
k∑

i=0

Zi+1
~ξi.

Therefore

(~xk+1 −
k∑

i=0

Ki~yi −~l)T V (~xk+1 −
k∑

i=0

Ki~yi −~l)T

= (Z0~x0 +
k∑

i=0

Zi+1
~ξi +

k∑

i=0

Ki~ηi −~l)T V (Z0~x0 +
k∑

i=0

Zi+1
~ξi +

i∑

i=0

Ki~ηi −~l)T .
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Using the subdifferential calculus [1] and (12.2) we get

min
Ki∈L1;~l∈L2

max
~ξi∈G

E
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)T

V
(
~xk+1 −

k∑

i=0

Ki~yi −~l
)

= min
Ki∈L1

{
λ1

( k∑

i=1

Zi+1V ZT
i+1

)
+

k∑

i=1

TrRiK
∗
i V K∗T

i

}
, ~l∗ = Z0x0

and unknown matrices K∗
i satisfy equation

Tr
{ s∑

q=1

~ϕq ~ϕT
q pq

k∑

i=1

Z̃i+1V ZT
i+1 +

k∑

i=1

ΘiRiK
∗
i V

}
= 0 (12.6)

where Θi are arbitrary matrices which have the same dimension as matrices Ki and ma-
trices Z̃i+1 satisfy to the equations

Z̃i+1 = Z̃i − Z̃i+1Ai + ΘiCi; Z̃k+1 = 0; i = 1, . . . , k.

Obviously

k∑

i+1

Z̃i+1V ZT
i+1 =

k∑

i=1

Z̃i+1ZZT
i+1 + (Z̃i+1Si+1 − Z̃iSi)

=
k∑

i=1

(Z̃i+1V ZT
i+1 + Z̃i+1(Si + AiSi − V ZT

i+1)− Z̃iSi)

k∑

i=1

[(Z̃i − Zi+1Ai + ΘiCi)Si + Z̃i + 1AiSi − ZT
i+1)] =

k∑

i=1

ΘiCiSi.

Using this equality and the auxiliary systems of equations (12.5) we obtain that (12.6)
equals

Tr
{ s∑

q=1

~ϕq ~ϕT
q pq

k∑

i=1

(Z̃i+1V ZT
i+1 + Z̃i+1Si+1 − Z̃yiSi) +

k∑

i=1

ΘiRiK
∗
i V

}

= Tr
{
−

s∑
q=1

~ϕq ~ϕT
q pq

k∑

i=1

ΘiCiSi +
k∑

i=1

ΘiRiK
∗
i V

}
.

From this equation we obtain the all assertions of the theorem.
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