2. G2-ESTIMATOR OF THE REAL STIELTJES TRANSFORM OF THE
NORMALIZED SPECTRAL FUNCTION OF COVARIANCE MATRICES

Consider the main problem of the statistical analysis of observations of large dimension:
the estimation of Stieltjes’ transforms of the normalized spectral functions
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of the covariance matrices R,,, from the observations of the random vector 5 with
the covariance matrix R,,,, where )\, are eigenvalues of matrix R,,,. Note that many
analytic functions of the covariance matrices that are used in multivariate statistical
analysis can be expressed through the spectral function g, (). For example, the
function
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where f(z) is an analytical function.
The function
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is called Stieltjes’ transform of the function i, (z). A consistent estimator of Stieltjes’
transform o(t, Ry, ) is equal to: Ga(t, Ry,,) = ¢(0n(t), Rm, ), where 0,,(t) is the positive
solution of the equation

01 —mp(n—1" +mu(n—1)"100, Ry, ) =t, t > 0.

It is obvious that the positive solution of this equation exists and is unique as t >
0, mp(n—1)"1 < 1.

Let the independent observations 1, ..., Z,, of the m,-dimensional random vector E
be given. Assume that the G-condition is fulfilled:

limsupm,n=t <1, 0<c; <N\ <cp<o00, i=1,...,my,
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and let the components of the vector (M1k, .., N, k)T = R;&/z(g— E¢) be independent,
and
sup sup sup  Eng|*T? < oo, §>0.

n k=1,...ni=1,....mn

Then ([Gir38-41], [Gir43-45], [Gir54], [Gir58], [Gir69], [Gir76], [Gir84])
lim P {[Gaft, Run, ) — o(t, Ry NV (= 1)y an (t) + cn(t) < z}

—n 2 [ iy,

as t > 0, where a,(t) and ¢, (t) are some bounded functions.



2.1. Gy-estimator of a complex Stieltjes transform of the normalized spectral
function of covariance matrices

Here, the G2(z)-consistent estimator for the trace of the resolvent of covariance matrices
(Stieltjes’ transform)
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is given as

Ga(z) = 210 (2) m, ' Tr {Rm“ —0(z) Imn}i1 ,

where 6 (z) is the measurable complex solution of the equation
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THEOREM 2.1. [Gird5] Suppose that ¥y, ...,Z, is a random vector sample,

Fr=RY26,+d@ E& =0, EGE = L, & ={&ni=1,.,my},
for any positive defined matrix A,, whose eigenvalues are bounded by a certain constant
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Then with probability one for every S > 0 and T > 0
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for some ¢ > 0.
2.2. Modified Gs-estimator

Thus, under some conditions,
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where ¢ > 0 is a certain constant (which usually is not small). However, we need to
know the trace of the resolvent of the covariance matrix for all s > 0. Since function
m, A Tr {R,,, — zlmn}_l is analytical in z, Imz > 0, we can use many methods for its
analytical continuation. For example we can use the Fourier transform and consider
the following modified G4 estimator:
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where s > ¢ > 0.
It is easy to prove that the following assertion is valid:

THEOREM 2.2 [Gir45] If the conditions of Theorem 2.1 are fulfilled, then with proba-
bility one, for every € > 0,

lim lim lim sup |Go (A, B,u+iv) —m, ' Tr{Ry,, — (u+iv) L, } ' =0.
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2.3. (Gs-estimator for the trace of the resolvent of empirical covariance
matrix when Lindeberg’s condition is not fulfilled

Let &4, ..., 4, be the sample of independent observations of a random vector,

fk = R}r{fgk +5:7 Egk: = 03 Egkéz: = Imn7 f_;{ = {61662]672 = 17“‘>mn}7

where ) are independent and do not depend on variables &;x.
For this case, the G-equation for the trace of resolvent has the following form [Gir69)
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where lim,, .. £, = 0 and ¢(z) is satisfies the equation
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Let us express function ¢(z) through function b(z). One has
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Hence, in this case, the Ga- estimator has the following form
Ga(2) = bn(0(2)2)0(2),
where 6(z) is any measurable solution of the equation
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and ¢(z) is any measurable solution of the equation
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with
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