CHAPTER 14

Ten years of General Statistical Analysis.

(The main c-estimators of General Statistical
Analysis)

The first estimators of General Statistical Analysis appeared ten years ago in [Gir39].
In this analysis we try to find new estimators under two main assumptions. Firstly, we
do not require the existence of the density of observations; e.g. we do not require the
observations to have a Normal distribution. Secondly, we develop this analysis when
the number of parameters can increase together with the number of observations or
the observation vector’s dimension is comparable in magnitude with the sample size.
It is further assumed that the dimension of the parameter space involved in the model
remains constant with respect to n even when the dimension m,, of the random vectors
increases. These three assumptions have a great significance. Do not confuse this
analysis with “Generalized Statistical Analysis 7 or “Global Statistical Analysis”, etc.
based on additional information on distribution of observations. General statistical
analysis has greatly influenced physics, especially nuclear physics, control theory, linear
stochastic programming and so on. Indeed, this analysis inspired the physicist Eugene
Wigner to develop the so-called random matrix physics. Random matrix physics has
developed so deeply now that we see the inverse process: random matrix physics begins
to enrich the General Statistical Analysis. Therefore, we include certain results obtained
by physicists who are working in random matrix physics and in dynamical systems with
random errors. Let us point out the principal procedures for General Statistical Analysis
(GSA). As has been observed in many publications, the large order of a system or the
large dimension of observed vectors requires a large sample size. For this reason one
needs the most accurate estimators. In mathematical statistics, most results are relevant
only when the dimension is fairly small. For large dimensions, common techniques are
inefficient. Hence, the study of high dimensional problems is important.

In many applications of statistics, e.g. econometrics, environmental statistics, eco-
logical statistics, taxonomy, biostatistics, etc. investigators often encounter data sets
where the number of measured characteristics is large and the size of available data
is also substantial. As a result, the problem is very complex theoretically, as well as
computationally, because of the many parameters a feature which is sometimes called
the “curse of dimensionality”. Hence, there is a need to study rigorously methods which
will give efficient results under such circumstances. The standard methods of statistical
analysis usually require large amounts of computer time, and cannot be recommended
for use with large data sets or a large number of parameters. In many applications the
number of parameters to be estimated increases indefinitely with the sample size and
therefore the estimators are not “consistent” [Mar], [Wald].

Multivariate statistical analysis took a new turn when distributions of observations
and their dimensions started to be treated as arbitrary distribution functions and num-
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bers respectively. In applied problems, it is very difficult to verify whether the observed
random vectors have either a Normal distribution or an elliptically contoured distribu-
tion. Even under the assumption of such distribution, the joint densities of eigenvalues
and of the corresponding eigenvectors of empirical covariance matrices are complicated.
In fact they involve the Haar measure on the orthogonal group, the matrix hypergeo-
metric function, etc.

A new General Statistical Analysis is developed for these problems. We study a
complex system S, such that the number of parameters of the corresponding model
can increase together with the number of observations of this system. The importance
of this theory lies in showing how by using the observations on system .S, one can
construct mathematical models (G-estimators) which in some sense approximate the
system S at a given rate. In this analysis the existence of the densities of the observed
random vectors and matrices is not needed, and the assumptions about the nature of
observations are quite general. However, the existence of several moments for their
components is required. We make the following assumptions (axioms) and introduce
some technical language that is appropriate for all of the following analysis.

AXIOM 1. A SEQUENCE OF RUNNING MODELS M,, OF A SYSTEM S IS GIVEN

We assume that the dimension m,, of the model M,, of a system S can increase to-
gether with the number n of observations of a system S. Analysing many practical
problems we can confirm that indeed n depends on m,, and cannot grow arbitrarily fast
as m,, itself increases. It is supposed there is a sample of observations x1, o, ..., x, of
a system S. For theoretical analysis of models we consider the sequence of observations
xgn),xén), e ,x;n), n =1,2,... of systems S (random arrays). We assume that the
dimension m of theoretical vector-observations can change, when the number of obser-
vations itself increases, i.e. we assume that we have a sequence of models My, M, .. ..

We call this sequence the running models of system S.

AXIOM 2. THE DIMENSION OF AN ESTIMATED FUNCTIONAL ¢(S)
OF A SYSTEM S IS FIXED

In GSA we do not estimate system .S, because we apply this analysis when we have a
number of observations which is almost the same as the number of unknown parame-
ters. From the analysis of many statistical problems we can conclude that instead of
estimating the system S, we must estimate some functional ¢(S). Therefore, in this
analysis, we assume that the dimension (the number of unknown parameters) of the
estimated characteristics ¢(S) of the system S will not change, when the number m,,
of parameters of the models M,, of the system .S increases. This assumption is met in
many practical problems.

AXIOM 3. THE G-CONDITION (THE UNCERTAINTY PRINCIPLE) IS GIVEN
AND THE EXISTENCE OF THE “CRITICAL POINT” IS ASSUMED

The numbers of unknown parameters m,, of running models and the number of obser-
vations n of system S satisfy the G-condition:

limsup f(my,,n) < h < oo,

n—oo

where f(my,n) is some positive function increasing in m,, and decreasing in n. In most
cases f(x,y) can be chosen to be f(m,,n) = m,n~!. The constant i depends on the
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system S and is called the “critical point”. This means that if

limsup f(my,n) > h

n—oo

then it is impossible to find a consistent estimator of a certain functional ¢(S) of system

S.

AXIOM 4. THE SEQUENCE OF PROBABILITY SPACES IS GIVEN.
THE PRINCIPLE OF RUNNING PROBABILITY SPACES (Q,, Fn, P,).

In the abstract theory of probability we require the existence of a unique probability
space (2, F,P) and in the corresponding statistical theory of von Mises we require
the existence of a limit of empirical probability measures Pn, so that in some sense
lim,, o f’n = P. In GSA we replace such condition with the condition where instead
of one abstract probability space we have a sequence of certain abstract probability
spaces (Q, F,P,,),m = 1,2,.... The corresponding empirical measures f’n(m) do not
converge in general, although some functional (such as expectation @ = [ P, (m) ()
or the covariance matrices [(# — @)(& — @)"P,(m) (dF) of random vectors) converges
to the same vector and matrix for the corresponding measure P, of the sequence of
probability spaces. It is obvious that in this case we have wider application of our

theory.
AXIOM 5. A CERTAIN QUALITY CHARACTERISTIC EXISTS

The most important aim in our theory is to define a quality characteristic of the sequence
of models M, (w), which themselves differ in corresponding quality characteristics in the
strong theoretical analysis and which thereby allows us to consider smoothness quality.
We consider the following quality characteristic for M, (w)-models

[(Sh)=  lm sup /Q 10(S) — (M () | AP (),

—1
n,m—00,nm=t—h P":fg ¢(S,w) dP, (w)=const

where || - || is a distance between the system S and the model M, (w), P, is a sequence
of probability measures, ¢(S,,,w) is a functional.

AXIOM 6. FEEDBACK CONTROL ALSO EXISTS

If the criterion quality characteristic 1(S, %) exceeds a certain constant, which we call
the “confidential constant” then we have to reach one of two conclusions: 1). Our
probability measure is wrong. Then we can try to change P,, by f’n(m), an empirical
measure. 2). Our model M,, is wrong. Then we have to find a new, more precise,
model M, 11 and calculate new quality characteristic I(.S, %) choosing measure P, and
model M, ;1. Therefore, we have to include the feedback control C(S — M,,) in our
analysis.

Representing the axioms symbolically we say that GSA is specified if the following
seven objects are given

{h, S, ¢(S), Q, F, Py, I(S,h),C(S — Mm)}

In the following sections we present a collection of the main estimators of G-analysis.
For some of them it is proven that under certain conditions they are consistent and
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sometimes even asymptotically Normal. Note that these estimators can significantly
decrease the number of observations required to solve many practical problems.

1. G1-ESTIMATOR OF GENERALIZED VARIANCE

Let the independent observations 71, ..., &, of the m,,-dimensional random vector 5, n >
my be given,

Ri=(n—-1)"" (@ —2) (@ -0)", ¥=n"") i@
k=1 k=1

The expression det R is called a generalized variance. If the vectors Z;, i = 1,...,n are
independent and distributed according to the multidimensional Normal law N (@, R),
then

det R ~ [det R](n — 1)~ H X7,

i=n—m

where x? are independent random variables with the x2-distribution and i degrees of
freedom. In the general case, the distribution of det R is intractable, and therefore
finding a consistent estimator for det R is a very complicated problem. It is proved (see
[Gir39-41], [Gir43-45], [Gir53-55], [Gir 69], [Gir75]), that under certain conditions the
G-estimators for ¢, ! Indet R equal

G1(R) := ¢, {Indet R + In[(n — 1)™ (A" ;) 'n(n — my) "'},
where A" | = (n —1)...(n —m), ¢, is a sequence of constants such that

lim ¢, %In[n(n —m,)"*] =0.
n—oo

For every value n > m,,, let the m,,-dimensional random vectors fgn), e f%n) be inde-
pendent and identically distributed with a mean vector @ and nondegenerate covariance
matrices R,,,. For a certain § > 0

sup  sup E|x(n |4+9

n A=

< 00,
where %’E;) are the components of the vector Z; = R;ﬁ/ Q(mgn) —d), and

lim (n —m,) =00, lim nm,*>1;

n—oo n—oo

and for each value of n > m,,, let the random variables Z; ), i=1,...n, j=1,....,m,
be independent. Then (see [Gir39-41], [Gird3-45], [Gir53-55], [Gir 69], [Gir75])

phm[Gl( mn) - C:Ll Indet Rmn] = O’

n—oo

lim P{[c,G1(Rm,) — Indet Ry, |[—2In(1 — mun ") 7V? < 2}

n—oo

= (2m)"1/? /I e V' /2 dy.
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2. G2-ESTIMATOR OF THE REAL STIELTJES TRANSFORM OF THE
NORMALIZED SPECTRAL FUNCTION OF COVARIANCE MATRICES

Consider the main problem of the statistical analysis of observations of large dimension:
the estimation of Stieltjes’ transforms of the normalized spectral functions

mMn

pon, () = m Y X (A < @)
k=1

of the covariance matrices R,,, from the observations of the random vector 5 with
the covariance matrix R,,,, where )\, are eigenvalues of matrix R,,,. Note that many
analytic functions of the covariance matrices that are used in multivariate statistical
analysis can be expressed through the spectral function g, (). For example, the
function

W T (R, = / " £ (@) dpm, (),

where f(z) is an analytical function.
The function

o0
o(t, Rm.,) :/ (1 +tx) "t dppy, = my, ' Te(I +tR,,, )", t >0,
0

is called Stieltjes’ transform of the function i, (z). A consistent estimator of Stieltjes’
transform o(t, Ry, ) is equal to: Ga(t, Ry,,) = ¢(0n(t), Rm, ), where 0,,(t) is the positive
solution of the equation

01 —mp(n—1" +mu(n—1)"100, Ry, ) =t, t > 0.

It is obvious that the positive solution of this equation exists and is unique as t >
0, mp(n—1)"1 < 1.

Let the independent observations 1, ..., Z,, of the m,-dimensional random vector E
be given. Assume that the G-condition is fulfilled:

limsupm,n=t <1, 0<c; <N\ <cp<o00, i=1,...,my,

n—oo

—

and let the components of the vector (M1k, .., N, k)T = R;&/z(g— E¢) be independent,
and
sup sup sup  Eng|*T? < oo, §>0.

n k=1,...ni=1,....mn

Then ([Gir38-41], [Gir43-45], [Gir54], [Gir58], [Gir69], [Gir76], [Gir84])
lim P {[Gaft, Run, ) — o(t, Ry NV (= 1)y an (t) + cn(t) < z}

—n 2 [ iy,

as t > 0, where a,(t) and ¢, (t) are some bounded functions.
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2.1. Gy-estimator of a complex Stieltjes transform of the normalized spectral
function of covariance matrices

Here, the G2(z)-consistent estimator for the trace of the resolvent of covariance matrices
(Stieltjes’ transform)

. -1
m;lTr (Rmn — ZImn> s z=t+1is, s >0

is given as

Ga(z) = 210 (2) m, ' Tr {Rm“ —0(z) Imn}i1 ,

where 6 (z) is the measurable complex solution of the equation

0(2) %Tr{Rmn —(2) Imn}_l -(1-22)+ 0 _

n z

THEOREM 2.1. [Gird5] Suppose that ¥y, ...,Z, is a random vector sample,

Fr=RY26,+d@ E& =0, EGE = L, & ={&ni=1,.,my},

for any positive defined matrix A,, whose eigenvalues are bounded by a certain constant

lim | max n'E|(# —ad)" A@@ —ad@) —n 'Tr R, Al =0,

/\z(Rmn) <ecp <00, t=1,...,my,

liminf m,n~! >0, limsupm,n~! < co.

n—0o0 n—oo

Then with probability one for every S > 0 and T > 0

. - ~1
lim sup Go (2) —m ' Tr{Ry,, — 2L, } | =0,
N—0 0<c<Imz<S,
|Rez|<T

for some ¢ > 0.
2.2. Modified Gs-estimator

Thus, under some conditions,

lim  sup  |Ga(2) —m, 'Tr{Ry, —zIn } ' =0,
N—30 g<c<Imz<S,
|Rez|<T

where ¢ > 0 is a certain constant (which usually is not small). However, we need to
know the trace of the resolvent of the covariance matrix for all s > 0. Since function
m, A Tr {R,,, — zlmn}_l is analytical in z, Imz > 0, we can use many methods for its
analytical continuation. For example we can use the Fourier transform and consider
the following modified G4 estimator:

™

B glspl A ) _
G2 (A, B,u+iv) = i/ {e / ImGs (2) e_‘tpdt} e P dp g > 0,
0 A
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where s > ¢ > 0.
It is easy to prove that the following assertion is valid:

THEOREM 2.2 [Gir45] If the conditions of Theorem 2.1 are fulfilled, then with proba-
bility one, for every € > 0,

lim lim lim sup |Go (A, B,u+iv) —m, ' Tr{Ry,, — (u+iv) L, } ' =0.

B—00 A— oo n—o0 v, O<e<u

2.3. (Gs-estimator for the trace of the resolvent of empirical covariance
matrix when Lindeberg’s condition is not fulfilled

Let &4, ..., 4, be the sample of independent observations of a random vector,

fk = R}r{fgk +5:7 Egk: = 03 Egkéz: = Imn7 f_;{ = {61662]672 = 17“‘>mn}7

where ) are independent and do not depend on variables &;x.
For this case, the G-equation for the trace of resolvent has the following form [Gir69)

X 1 mn 1
b(z) = Em, ' Tr [Rmn - zImn} =m," Z — o + €n,
— —1 i —
p=1 )\pn Z;E W z

where lim,, .. £, = 0 and ¢(z) is satisfies the equation

Mn
-1 )‘P

q(z) =m,, D p7
_ —1 i _
p=1 Apn l; E S P ES

Mn

, 2=t+1is, v=—.
n

Let us express function ¢(z) through function b(z). One has

1 8:
) Mn, )\pn l; E 761_2(1(’2)4_1

n 2
1 B;
q(z)n E E————=m, -
) — " fiq(2) +1 I
VB7a(z)+1

-z

1 z

v B;
=t An ™t 2 B St —
=1+4+2b(z).
Hence, in this case, the Ga- estimator has the following form
Ga(2) = bn(0(2)2)0(2),
where 6(z) is any measurable solution of the equation
n 2
-1 Bi
n E————— =10(z
D TP P ES I

i=1
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and ¢(z) is any measurable solution of the equation

q(z)n* Z E bi

2
— B —14zb (2 ,
— fiq(2) +1 )

with

bp (2) =n~'Tr [ém - Iz} B .

3. G3-ESTIMATOR OF INVERSE COVARIANCE MATRIX

The Gs-estimator of a matrix R, ! is equal to

G3 = ani [1 — mnnfl] .

THEOREM 3.1. ([Gir44], [Gir54]) If G-condition limsup,, .. m,n~1 < 1 is fulfilled,
components &, i =1,...,my, of the vectors

gk:{gika i:1,...,mn}T:R;ni/2[fk—(_ik], k=1,....n

are independent and for some ¢ > 0

then

plim (@7 Gsb — @ R,  b| = 0.

n—oo

THEOREM 3.2. ([Gird4], [Girb4]) If G-condition lim sup,,_, ., m,n~! < 1 holds, compo-
nents &, i =1,...,m, of the vectors

gk :{gilm i:].,...,mn}T:R;l}l/2[fk—C_ik], k:].,...,n
are independent, have the standard Normal distribution and

ET5< ci, ,6T5<Cg, Amin [Rmn] > C3 >0,

then

n—oo

lim P { {JTG35— ”TR;L}lZ;] cp < x} = \/LZTT /j exp {_y2/2} dy,

where c,, is a certain sequence of constant.
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4. CLASS OF (G4 -ESTIMATORS FOR THE TRACES OF THE POWERS
OF COVARIANCE MATRICES

We recall that the Gs-estimator is the most important in general statistical analysis.
With its help, we can find G4-estimators of the traces of analytic functions of covariance
matrices. Let us show that with the help of the Ga-estimator we can find G4-estimators
of the traces of the powers of covariance matrices. Obviously

o k=1,2,...

0
m;lTernn == (_1)k (k|) ! 7m'r_LlTr [I+ tRmn]t:U’

otk
Let us recall too that the Ga-consistent estimator for the traces of resolvents of

covariance matrices is found in [Gir39]: Gy = m, ' Tr (Imn + é]:?mn) , where 0 is the

positive solution of the main equation of general statistical analysis

011 —mpynt+nTr (I + HRmn) ] =t t>0.

Using these estimators after certain simple calculations we find G4-estimators:
The Gfll) Estimator of m 'Tr R,,, is equal to m~Tr I%mn, which is evident. However,
to obtain the next estimators of the powers of covariance matrices some calculations
are needed.

THEOREM 4.1. [Gird4] The Gf) Estimator of m;*Tr R2, is equal to

. L2
m, ' Tr k2, — (nmy,) " (Tr Rmn)

4.1. G}lm-estimator of the square root of covariance matrices

One of the problems of simulation of complex systems is the problem of simulating
on computers a normally distributed random vector {m with zero mean and given
covariance matrix R,,,. Usually one solves such a problem in the following way: first
with the help of pseudorandom variables one simulates the standard Normal vector 7,
of dimension m. Then one represents the covariance matrix in the following form:

Ry, = Ty, TE

Mn =My

where Ty, is the upper (or lower) triangular matrix. After this initial preparation we
can take pseudorandom vector Em =Ty, Mm OF gm = /Ry, Tm. Note that the matrix
R, , as a rule, is unknown. Therefore, we must use a G-estimator of such a matrix.
Let us use the integral

2 [
== ——d¢
Ve 7r/0 x+t2

where x > 0 is a real parameter. Similarly, we have for the square root of the covariance
matrix

R}n/f:g/ R, {It? + Ry, } 't = 2/ {r- [I+t‘2Rmn]_1}_1dt.
™ Jo 0

™
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Hence , using the Go—estimator we can find

2 [ i 1V
614(11/2):;/0 {I—|:I—|—0(t)Rmn:| } dt,

where 6 () is a positive solution of the equation
9 My, 1 N -1
120 (t) 1—7+5Tr[1+0(t)Rmn} ~1.

In [Girb5] it is proven that estimator Gfll/ ?) is consistent and asymptotically Normal.

THEOREM 4.3. If the G-condition limsup,,_,. m,n~! < 1 is fulfilled, components
&k, 1=1,...,my, of the vectors

G={&k i=1,....m} =R,V [F —a, k=1,...,n
are independent and for some § > 0

sup max E |§ik|4+6 < 00,
n 1=1,...mn;k=1,....n

b'b < ey, @'d<cy 0<c3<Amin(Rm,) < < Amax (Rm,) < c4,

then

plim |@7 G5 — a” R, /2| = 0.

n—oo

5. (5-ESTIMATOR OF SMOOTHED NORMALIZED SPECTRAL FUNCTION OF
SYMMETRIC MATRICES

Let py, (z) be a normalized spectral function of a covariance matrix R,,. The Ga-
estimator for Stieltjes’ transform of this function is equal to (see Section 2.2)

B (glspl pA , )
Ga (A, B,u+iv) =i / / Im G (z) e Pdt p e PO dp, v > 0.
0 T J-A

Using this estimator we can try to find a consistent estimator of u, (z). But in this
case two questions arise:

1). Will the estimator G5 be equal to Stieltjes’ transform of a distribution function?

2). The spectral function u,, () may have a discontinuity. Therefore it is very difficult to
use the inverse formula for Stieltjes’ transform for finding ., (2), using the Ga-estimator.

To overcome these difficulties we can use the so-called smoothed normalized spectral
functions

1 [* 1 —
un(a:,e):f/ Im —Tr [R,, — (y +ie)] " dy, & > 0.

T )ooe  Mn

It can be shown that
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dy, € > 0.

Mn(az,s):l/w fin (2 + €y)

7)o 1442

Therefore we call u, (x,€) a smoothed normalized spectral function. Consider the
estimator
1 xT
G5(A,B73375)=f/ ImGs (4, B,y +ie)dy, € > 0.
™ — 00
It is easy to prove that under the conditions of Theorem 2.1 such estimator G5 of
tn(x,€) is consistent: with probability one, for any ¢ > 0 and =

lim lim lim {Gs5(A4, B, z,¢) — pu, (z, )} =0.

B—oo0 A— oo n—oo

6. Gg-ESTIMATOR OF STIELTJES’ TRANSFORM OF COVARIANCE
MATRIX PENCIL

In multivariate analysis, we generally wish to test the following three hypotheses:
I. Equality of the correlation matrices of two n-variate normal populations.
II. Equality of the m-dimensional mean vectors for [-variate normal populations.

ITI. Independence between m-set and g-set of variates in (m + ¢) -variate normal popu-

lation, with m < q.

Often the normalized spectral functions of the covariance matrices pencil are used
for a verification of these tests.

A large series of papers is devoted to the analysis of normalized spectral functions
of the empirical covariance matrices pencil (see reviews and books on the spectral
theory of random matrices in the References of this book). However, for many years,
nobody could solve the problem of obtaining an equation for Stieltjes’ transform of
spectral functions of large order empirical covariance matrices when observations of the
random vector are independent. In this section, we propose a new Gg-estimator initially
presented in [Gir44, Gir54] to solve this problem.

Let the vectors Z1, ..., T, of dimension m,, be a sample of independent observations
of the random vector 7, Eij = @, and E(7j—@)(7—@)* = Rp, . Let R,,, be the empirical
covariance matrix:

n n
Ry, =n"'Y (# — @)@ — )", a=n"')_ .
k=1

k=1
The statistic
My
/’(‘mn (.’I;, Rmn) = m’f:l Z X{)\p(Rmn) < x}
p=1

is called a normalized spectral function of the matrix R,,, . Here, x is the indicator
function and A, (R,,,) are the eigenvalues of the matrix R,,,.
Consider nonsingular covariance matrices Ry and Ry of the independent m-dimensional
random vectors 51 and 527 a =E 5_;, as=E 52 The statistic

pin (@, Ry, Ro) = m™ > x{ Ak (Ry, Ry) <}
k=1
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is called the normalized spectral function of the covariance matrix Ry and R, pencil.
Here A\, (R1, Ry) are the roots of the characteristic equation

det[Rlz — RQ] =

To avoid confusion, we will assume that the inverse matrix Ry ' exists. Sometimes we
will use another definition of the normalized spectral function of the covariance matrices
R; and Rs pencil

fin(z, R, Ro) = m™" ZX{)\k(Rfle) <z},
k=1

where )\k(Rfle) are eigenvalues of matrix RflRQ.
Consider Stieltjes’ transform with the real parameter

> dﬂn($7R17R2) _ —1 0
/0 g =m o Indet[R;t + Ro]

=m 'TeR [Rit + Ro] ™, t>0.

Let &,...,%,, and 41, ..., Yn, be independent observations of two independent m-

. . o 1/22 o 1/22
dimensional random vectors a; + Rl/ & and do + RQ/ &,

E=1{n, .. &m), & ={n,...,Em}

Let random components &11,...,&1m; &o1,...,&m be independent for every m and
consider empirical covariance matrices and mean vectors

ni ni
Ry =ny' Y (F - &)@ - D)7, F=ni'd> &,
k=1 k=1

no
Ry =nj Zyk_ @ =" T=n3" .
k=1

The expression

fin(z, Ry, Ra) = m™* ZX{)\k(R17R2) <)
k=1

is called the normalized spectral function of the covariance matrix Ry and Ry pencil.
Here )\k(Rl, Rg) are the roots of the Characterlstlc equation det[Rlz — RQ] =0 and v
is a discrete random variable. Obviously, if R1 exists with probability 1, then v = m
with probability 1.

We study Stieltjes’ transform with the real parameter

> d,un(x,lfil,f{g) 4,0 . .
SHnld, W, 22) 9
/0 PR m o ndet[R;t + Rs]

= milTI‘él[th + Rg]il, t>0.
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Let us write this expression as

1TIR1[R1t+R2 / fm 1TI‘ IOZ"’th"’RQ] L da.
0

It can be shown (see [Gir44], [Gir54]]) that under mild conditions on empirical covariance
matrices we can consider instead of this integral, the following expression

A
—%/ m ™ Tr[Ia + Ryt 4+ Ry] 'da + o(e) + o(A™Y).

Here € > 0 is a small number and A is a large number. Therefore, we can study the
covariance matrices pencil with the help of normalized traces of the resolvent of the
sum of covariance matrices Ry and Rs:

m I Tr[To+ Ryt + Ro)™Y, a >0, ¢>0.

Let us consider Stieltjes’ transform

>d Ry + ol -
b(Z,Oé) :/ u’r?ln(zy 1+« 2) _ —1Tr[R1 +O[R2 "Ln] 1’ 5= t—f—iS, s>0
0

r—z

and the canonical equation for the matrix C'(2) = (cpu(2)),7,

N U o A7 -1

Clza) = {nl E g +an, E k —zI } ,
=) 1 kzz:l L+ ny i Oz, Q)i ? kzz:l L+ ny ' 7l C(z, a) i, "

where 7, = {npr; p = 1,...,m}" = Fp —dy, U = {vpr; p=1,...,m}T =g — dz and

I,,, is the identity matrix, s > 0. In [Gir84] it is shown that under some conditions with
probability 1
lim  [b(z,a) —m ™ 'Tr C(z, )] = 0.
n1,Mm2—00

Using the proof of Theorem 3.1 we get that under some conditions

R R R —1

m1Tr R [th + Rz}

_ /OO dpn (z, R1, Ra)
0 a4+ ¢ {1 +(a—1)mnyt 4+ —tmlba) )}

1+tmn; Yo (t,a ) 1+tmn; "bm (t,a

where

R R " —1
b (£,0) = m~1Tr Ry [th + Rg}

We transform this expression as

_ b (t, @) }
by, (1, 14+ (a—1 Ly
(t,a) { (a=1)mn, 14 tmny tby, (t, a)

_/00 d/’[”ﬂ ($7R13R2)
" A

N - b (£,0)

—1
_ t
1—|—(a—1)mn2 W} [OA—FW e
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Now replace t by the function 6 (t) which is the nonnegative solution of the equation

bn00.0) } = ()

(o et =t
R e N T et 00 )

Then we obtain

G6me(e(t),a){1+(a_1)mn21+ b (0 (t), @) }

1+ tmn by, (6(t), )
From [Gird4, p.218], [Gir54] we get under ¢t > 0

plim [GG—/ d“"<x’R1’R2)]=o,
0

n1,N2—00 t —+x

or

plim [GG —m 'TvR, [Ryt + Rg]‘l} —0.

ni,N2—00

7. G7-ESTIMATOR OF THE STATES OF DISCRETE CONTROL SYSTEMS

Now we briefly discuss some questions of GSA related to our topic. Increasing demands
for the quality of operation of industrial robots led to the necessity of creating better
methods of control that take into account dynamic characteristics of manipulators. In
order to construct such control systems, it is necessary to have full knowledge of a
mathematical model of the manipulator. The dynamic model of the manipulator is a
system of nonlinear differential equations. Coefficients of these equations are connected
in a rather complicated fashion via trigonometric functions with generalized coordinates
of the manipulator. Such a system is complicated for practical use because of the es-
sential nonlinearity and mutual influence of links. Therefore, a simplified mathematical
model with adaptive adjustment of the parameters in the control process proves to be
expedient.

7.1. Adaptive approach to the control of manipulator motion

The standard model was given by linear differential equations of the second order in
which the desired characteristics of motion were pointed out. An adaptive regulator in
accordance with the standard model ”adjusts” control of the manipulator according to
the desired motion.

Linearized with respect to the nominal motion, the mathematical model was used
in a procedure of control synthesis on the basis of asymptotic linear regulators as well
as for constructing autoregressive models, representing displacements in separate links.
Parameters of the model are estimated in the process of motion, proceeding from the
optimization of some quality criterion.

The dynamics are described by a Lagrange equation of the second kind, which de-
pends on unknown parameters of the manipulator. Locally optimal finitely convergent
methods of solving inequalities were used for adaptation algorithms. In [Gir54], a
method of adaptive control of the manipulator without full knowledge of the mathe-
matical model is proposed, and its characteristics are studied. The estimation of the
parameters of the model is made by observations on the manipulator in the block of
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adaptation. Using these estimates, a linear regulator optimizing generalized energy is
constructed. The estimate of the parameters and the controls is made recurrently. The
algorithm proposed is locally optimal.

7.2. The discrete analog of the control system

The discrete analog of a mathematical model for the control of manipulator motion can
be represented in the form

Fp1 = A(@n) T + B(Zn)in, (7.1)

where 1, is the vector of control moments.

We define the trajectory of motion of the manipulator in the form of a sequence of
points @; € R?>™,i = 1,2, ..., through which the manipulator has to pass and approxi-
mate the dynamic model of the manipulator by a linear model

fn+1 = Anfn + Bnﬁn + gnJrla (72)

where A,, B, are unknown matrices, and &)1 are errors of modelling. Assume that
the matrices A(Z(t)), B(Z(t)) in (3) are constant but unknown. Such assumption will
be true for local displacements of the manipulator. Then (7.1) can be written in the
form #,1 = A%, + Bi,. We make n > m observations of the manipulator under some
fixed controls. From the observations, we construct estimators of the matrices An, B,.
Using these estimators, we can find the extrapolated position of the manipulator

T8 = ApZy + Byl (7.3)
We choose the control #@,, to minimize the functional
I, (a) :iélf{uanﬂ — 7, |2+5||ﬁn||2}, 5> 0. (7.4)
The observed position of the manipulator under this control will be
Tni1 =A@y + Buily + Eny1.

Without loss of generality, we assume that B is a known square matrix which has an
inverse. The matrix A will be estimated by the least squares method

:zn:( - Bity )7l [Zx Ll 1]1-

s=1
Controls from (7.4) will be given in the form (G7—estimator)
ii, = [61 + BBT] ' BT (asH _ AS:ES) ,
where

As:AsX{‘ A, }+f15—1x{’ A, }

} is the indicator of a random event. Given ,,, we observe the

and X{

vector @41 again, find ,41, , and continue these calculations up to the moment of
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2
< &, where € > 0 is a given number. We prove convergence of

time s when Hd’s — %’s’
estimates of the matrix A.
7.3. The main assertion

THEOREM 7.1. [Gir54, p.518] Let the following conditions hold:

E{gn+l/gla"'7gn}:07 n=12...,
sup || @y, || < oo,
Jal {1+ [s7+ BB BB} <1,

supE ||&,]|* < oo,
n

n -1
nt E E&, &7 < 00,
s=1

sup
n

limsup sup ’P {aip < @i, &5, <Ty,p=1, ...,3}

h—oo lip—jpl=h,
3

—P{ei, <wi,,p=1,....3}P{e;, <w,,p=1,...,3}| =0.
Then

"< e o1 + 3BT

Js_fs

lim E

n—oo

and distribution functions of entries of matrix {fln - A} n'/? are asymptotically normal.
The proposed adaptive method was used for solving some control problem.
7.4. G-system of recursion equations

We will study estimators of parameters of systems with m,, unknown parameters and
with the number n of observations satisfying the G-condition:

lim sup m,n~1 < oo.
n—oo

Namely

Uk = OUr—1 + bp—1 + &k,
where © = {60;; }Zn]:l is an unknown matrix, ¥k, k = 1,2, ... are m,-dimensional obser-

vations, 4o, bx_1, kK = 1,2, ... are known vectors, €, k = 1,2, ... are m,-dimensional
random vectors. Note, that in the general case, the matrix > ,_; gj’k,lﬂg_l can be
Mn

degenerate. Therefore, we will search for an estimate of a matrix © = {Hij}ijzl in
regularized form:

—1

n n
6= Yo (i B s o5 S il
k=1 k=1
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where a > 0, and ¢, is a certain sequence of numbers. Hence

0, = Oc, 'Y, [Imna + c;lYn]_l

n
—1= 4T -1 -1
= E Cr EkYp_1 [Imna—i—cn Yn] ,
k=1

where

n
O, &
Y, = E k—1Yp—1-
k=1

Let us represent this estimator in the following form

n i TrQ {é)n - @c;IYn [Imna + clen} _1}

n
=TrQ Z o X {n*1 [In,a+ ¢, Y] ' _En! (L, 0+ ;Y] _1}
k=1
+TrQ Z claat {E nt (I, + clen] 71} ,
k=1

where @ = {g;;};;_, is the matrix of real parameters.
7.5. Self-averaging of G-estimators

Let us find conditions of consistency of the G-estimator. We need some auxiliary state-
ments.

LEMMA 7.1. [Gird4, p.220] If the random vectors &, k = 1,2,... are independent,
e <1, Eg =0, k=1,2,..., and

sup max E [|&)% ¢! < oo,
n k=1,...,n
then

plim {nilTr [Imnoz + chlYn] BTy [Imna + clen] _1} =0.

n—oo

LEMMA 7.2. [Gird4, p.220] If the random vectors &, k = 1,2,... are independent,
O <1, Eé, =0, k=1,2,..., and

sup max B &% ¢! < oo,
n k=1,..n

then

plim {n_lTr Qc, 'Y, [Imna + clen] 1 _En Ty Qe 'Y, [Imna + C;IYn] 71} =0.

n—oo

Thus, if the conditions of Lemma 7.2 are satisfied and random variables
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are bounded in probability, then

-1
lTrcg {én — OE iYn [Imna + IYH} }
n C

n Cn

n —1
1 1 1
~E-T =&k |1 —-Y,| .
bno3 Lait s e+ L1

Suppose, the matrix R = Ec;'Y,, [In, a +c;1Yn]_1 is nondegenerate. Then we
consider the Gr-estimator

~ _ —1
O {Ec, Vo [Im,a+¢,'v,] '}

of matrix O.
THEOREM 7.2. [Gir44, p.220] If the random vectors &, k = 1,2, ... are independent,
O] <1, E&, =0, k=1,2,..., and

sup max B |&)° ¢! < oo,
n k=1,..n

lim sup

n—oo

< 00,

n

1= T
E Cp €kYk—1
k=1

iy -1
lim sup H{EcnlYn [+ Ya] '} | <00
then
. g1
plimH@n {Ec;lYn [Imna+c;1Yn] 1} @H —=0.

Suppose, the matrix
R=Ec;'V, [In,a+c,'Y,] -
is nondegenerate. We consider the Gr-estimator

N _ —1
O {Ec, Y [Im,a+¢,'Va] 7'}

of the matrix O.

THEOREM 7.3. [Gird4, p.220] If the random vectors €, k = 1,2, ... are independent,
e <1, Eg =0, k=1,2,..., and

sup max B |&)° ¢! < oo,
n k=1,...n



Ten years of GSA 571

plim sup

n—oo

< o0,

n

11— =T
Z Cn €kYr—1
k=1

< 00,

n—oo

-1
1imsupH{Ec;1Yn (L, o+ ¢, 'Yy 1}

then

. 4y -1
plim H@n {EcrjlYn [Imna + c,_LlYn] } — @H =0.

n—oo

8. CLASS OF (Gg-ESTIMATORS OF THE SOLUTIONS OF SYSTEMS
OF LINEAR ALGEBRAIC EQUATIONS (SLAE)

Let some system S with input vector Z7 = (z1,...,7,,) and output variables y be

given. As a mathematical model M; of the system S, it is natural to take the equation
y = A(Z) + € where A (Z) is some operator, and € is an error of such representation.
Choosing different input vectors Z1, ..., ¥, we have a system of equations

j=A+e
where
A={A(#),...,A(Zn)}

is an operator acting in a space of vectors & with values in a space of vectors §7 =
(Y1,---,Yn), and €7 = {e1,...,€,} is a vector of errors of the model M;. If y = f (Z),
where f is an unknown analytic function, then for simplification of the calculations we
can take the operator A to be

m m
AZ = Zcixi; AT = Z cipi (x;)
i=1 i=1

or

m m m
AZ = E CT; + E Cij ;T + ... + E Civyerning Tig - Lig s
=1 i

ij=1 i1yeenyin=1

where ¢;, c¢ij, ¢i,,...i, are unknown coefficients; ¢; are known functions. We note that
in all these cases AZ = &Lz, where ¢ is an unknown vector and Z is a known vector.

Thus, we arrive at model M; which is linear with respect to the unknown parameters:

7= XG+7¢,

where X7 = [7],...,2,] and £is a vector of errors. In this section we formulate the
methods of finding coefficients ¢; if we have the observations of y and the input vectors

—

Z.
8.1. The classical least squares method

Assume that a mathematical model of a system S has the form
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T -
Y= C+E€,

where 7 is an m-dimensional vector of input parameters, ¢is an unknown m-dimensional
vector; y is the observable variable of a system S, and € is a model error. Let n
observations ¥, . .., y, of a system S under the values 71, ..., &, of a vector & be made.
Then for the unknown vector ¢ we get the system of equations

j=Xe+7, (8.1)

where £7 = (e1,...,&,) is the observation error. The vectors ¢ and & in the system of
equations (8.1) are unknown. This system of equations is undetermined with respect
to the unknown vectors ¢ and € and in the general case has an infinite set of solutions.
Calculating the vector ¢ it is desirable to know the value of the vector €. However,
because of the indeterminancy of the system (8.1), it is difficult to find the true value
of the vector & without any auxiliary conditions. We can reduce the system (8.1) to the
form X

j=X& (8.2)

where the vector ¢ is replaced by a new vector ¢ which is different from ¢ in general.
The preliminary investigations of the system (8.1) were made in the following way. In
general the solution ¢of a system (8.2) may not exist. However it is not necessary to
find a solution of this system. We need to find the value of ¢ which minimizes some
quality criterion of an estimator F’ {g’ -X é’} . For the simplification of calculations as

the quality criterion the function

is usually chosen. If the inverse matrix (X TX ) ! exists, then we can obtain the mini-
mizer of ng’— X&‘” as
c=(XTx)"'x"y. (8.3)
This formula explains the name, the “Least Squares Method”. The estimation is
c—c=(XTxX)"'x"Tz (8.4)

If the inverse matrix (XTX)_1 does not exist, then the function () := |7 — X&|*
can have uncountable points of minimum. Again, to simplify calculations among all
points of the minimum, the vector ¢ with the smallest Euclidean norm is chosen. We
can find this vector in the following way: consider the function

= — 2 2
¢ a):=y— X" +ald, a>0

instead of the function ¢(&) := |7 — X&|*. Because o > 0, the minimum of function
(¢, a) is unique and the vector &,, under which the function ¢(¢,a) will take the
minimal value, is defined by the formula

G = (oI + XTX) 7 X7§. (8.5)

It is easy to prove that limg, o Cy = Fed
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As the G-estimators of the regularized pseudo-solutions

Zo = [Ta+ XTX] 7 X5,

we choose a regularized solution
o = Re [T (6 +ie) + =75] ' =78,

where ¢ # 0 and 6 are real parameters, = = (51(;1)) is the observation of the random

matrix X + H, where H is a certain random matrix. The G-estimators of the values
T, belong to the class of Gg -estimators and are denoted by Gg. In this section, the
following Gg-estimator of Gg-class is proposed

= N -1 -
Gs =Re |1 (6, +ic) +=72] =70 (8.6)
Here 6, is the maximal real solution of the equation

fn(0) = a, (8.7)

where a > 0,

Fa(0) = 0Re[1 + 610 (0)])* — elm [1 + 61a (0)]° + (61 — 62) [L + 61 Rea(6)],

a(f) = %Tr [1(60+ie) + ETE]A, 61 =02n, 6 =02m,

02 is the variance of entries SZ(J") of the matrix = = ({l(]")) . We call equation (8.7) the

main equation for the Gg-estimator.
It is proved [Gird4, Girb4, Gir69, Gir84] that under certain conditions, for every
>0 L .
lim lim P{|d[Gs — (Ta+ X" X)"'X"b]| > v} =0,
e—0n—oo
where d is an arbitrary vector such that drd <c < .
8.2. Modified Gg-estimator of the solution of SLAE

In this section, the following modified Gg-estimator from the Gs-class for

To=[Ta+ ATA71ATS

is proposed,

elspl
m

B C
ég(a,e,B,C)zlm/ { / Im([lé+XTX]_lXTE)e_itpdt}e_”(a_ie)dp.
0

-C

Here 6; is the measurable complex solution of the equation

- o? A -1) 2 My, o? A -1
9{1+nTr[m+XTX} } +(1— " ){1+nTr[10+XTX] }:—z,
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O'

- is the variance of entries x( ") of observation X = (:c(”)> of matrix A+ =, z =

ij
t+is, s> ¢, cis a certain constant.

Under certain conditions we have ([Gir44], [Girb4], [Gir69], [Gir84])

lim lim phde[Gg(a e,B,C) — Re[I(a +ie) + ATA ATE] =0.

B—o00o C—00 p—oo

8.3. Gg-estimator of the solutions of SLAE with block structure

For linear forms d” &, of regularized pseudo-solutions 7, = [Ta+ ATA]_lATg of the

systems of linear algebraic equations AT = b with block structure, the following G-
estimator

N -1 -
AT Gs = —Red” [C) +iely + 27 (Cy —icl,) " ZS} 27 (Cy —iel,) b,

is suggested. Here A is a matrix of the size np x mq, n > m, T and b are vectors, a > 0
is a parameter of regularization, ¢ > 0; b € R"?; dl e R™: Z, =51 Zle X X

=1,....m
are independent observations of the matrix A+ =, = = (Egjn)) is a random ma-
i=1,...,n

= BE() = = 2

ij
Cy = (CQi(Sij)i =1 are block diagonal real matrices that are arbitrary measurable solu-
tions of the system of nonlinear equations

trix with independent blocks =

< 005 and Cq = (Cy; w)” -

Cll+ReZ |: EHn)T{Qj] :jl:| ) ) :a[;
j=1 Q=[Ca—iel,+X (C1+iel,) ' XT] ™"

Cor + R [E =47 {05;} F, 7,
2k + e; kj { ]J} kj @:[C1+isfm,+XT(Cz—isIW,)le]71

k=1,....,n;p=1,...,m, X = Z,.
It is proved [Gir84, p.236] that under certain conditions, for every v > 0,

lim lim P {‘d’ﬁ (ég - fa)

e—0n—oo

>’y}:O.

8.4. Gg-estimator of the solutions of SLAE with symmetric block
structure

Let A7 = b be a SLAE, where Apgxpq = (Al(cz)): 1’ A

s, k,s =1,...,p are blocks of the dimension ¢, and let &, b be vectors. We consider the
linear form of the regularized solution of such a system

A,(CZ and A,(CZ); k>

ks

d'#. = d"Re [Apgxpg + idn]_1 b: d € R"; n=pq > 0.
For linear forms d’ #. of regularized pseudo-solutions,

Ze = Re[Apgxpg + is[n]_l F),



Ten years of GSA 575

of the systems of linear algebraic equations AZ = b with block structure, the following
Gg—estimator

d'Gs = —Re [Xpgxpq + C (€) + iel,] ' b

is considered. Here, X,,xpq is an observation of matrix ZEpqxpq + Apgxpgs Spgxpq =

P
(E,iz))k L E;CZ) = EE:;)T and E,(!;); k > s, k.s = 1,...,p are independent random
yS§= p
blocks of the dimension ¢, Cpgxpq (€) = ((5”- Cj(-;-l) (5)) and the matrix-blocks Cs; (¢)
4,j=1

satisfy for z = ie the canonical equation

P

Cyj(e) =ReE Y =0Q, 20| .
i) 522:1 78 T T Q=X paxpa+Craxpa(€)Heln]

It is proven in [Gir84, p.250] that under certain conditions, for every v > 0

lim lim P{‘JT (és ffg)

e|l0 n—oo

>’y}:0.

9. G9-ESTIMATOR OF THE SOLUTION OF THE DISCRETE
KOLMOGOROV-WIENER FILTER

The discrete analog of the Kolmogorov-Wiener filter has the form

RnG =0, (9.1)

R(z,y) =E [a(r) - Ea(z)][a(y) —Ea(y)],

Q(z,y) =E[a(z) -Ea(x)][6(y) -EL )],

- Lo\ —la
and a(z), B (y) are random processes. If R, > 0, then the estimator ¢ = (Rm) b

converges in probability to ¢ when nq, no — oo, where

R= {m_lR (sm_l, km_l)}:;:l , Fh(t) = {cp (t, km_l) , k=1, ...,m} ;
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na
Q) = (2= 1)) [ (@) — & (@)] B () = B)]
k=1
and oy (), Bk (y) are independent observations of a (), B (y).
As mentioned in previous sections of this chapter, the large order of system (9.1)
requires a large number of observations of stochastic processes a (), G (y).
Therefore, it is of interest to obtain more accurate estimators. Applying the G-
analysis technique, which is described in [Gird44, Girb4, Gir69, Gir84], we can ob-
tain an estimator of ¢, such that it would approach in probability ¢, provided that

lim, oo mn™' = ¢ < 1. We assume for simplification of formulas that vector b is
known. This estimator will be referred to as the Gg-estimator. It is
N A -1, My,
Go= () B(1-"2). (9.2)
n
Denote

0_2’15: (ak(8>a 821,...,7’71), R_1/2(&k_E&k):gk:(£sk 5217'-'5m)T'
m

THEOREM 9.1. ([Gird4], [Gir54], [Gir69], [Gir84]) If random variables &, are indepen-
dent for every n, E |, < ¢, 6 >0, lim mn;' < 1; A\ (Ry) < ¢ < 0o, the vector

ny—oo

b is known,

where ¢ € R™, and \; (R,,) are the eigenvalues of the matrix R,,, then

plim [5Tég — E'TQE} =0.

ni—00

10. G19-ESTIMATOR OF THE SOLUTION OF A REGULARIZED
DISCRETE KOLMOGOROV-WIENER FILTER WITH KNOWN FREE VECTOR

The discrete analog of a regularized Kolmogorov-Wiener filter has the form

b(t),

(eIm + Rim) B(2)

where ¢ > 0 is a parameter of regularization,
Ry ={m 'R (sm™ " km ")} o' (1) =1{Q (t,sm™Y), s=1,...,m},
) ={etkm™"), k=1,..,m},
R(z,y) =E[a(z) —Ea(z)][a(y) —Ea(y)],

Q(z,y)=E[a(z) —Ea()][B(y) —EB(y)].
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. -1,
Here a (z), B (y) are random processes. The estimator J(t) = (eI + Rm> b(t) con-

verges in probability to J(t) when ny, ny — oo. Here

R= {mflf% (smfl, /<;Trfl)}:::1 . FL(t) = {<p (t, kmil) , k=1, ...,m} ;
I?T (t) = {Q (t,smfl), s=1, ,m},
R(z,y)=(m— 1)) [on (@) — é (2)] [k (y) — & (v)],
k=1

no

Qey) = (2= 1) Y o (2) =@ (@)] |6 () — B )],

k=1

and oy (x), Bk (y) are independent observations of «(x), B (y). Applying the G-
analysis technique, which is described in [Gird4, Gir54, Gir69, Gir84], we can obtain an
estimator of F(t), which approaches in probability @(t), provided that

lim mn;'<1; lim mn;l < oo
ny—o0 ny—o0

This estimator will be referred to as the G1g-estimator:
_ ~ A -1
Gro=c (I + eRm) b(t), (10.1)

where 0 is a nonnegative solution of the equation

.\l
01— ny +Yn,m ' Tr (9[—|—Rm) } =1 e>0; v, =mny! < 1. (10.2)

THEOREM 10.1. [Gird4, Girb4, Gir69, Gir84] Assume that

Ty = {ou, (sm_l) ;i s=1,..,m }T = R}/ %ij, + @,

{ﬁlkr ={nix; i=1, ...,m}}; k=1,...n

1/2 . . ) . . .
Rn{ is a symmetric matrix, t is fixed, ny = no = n, random variables n;;; 1 =
1,...,m; k=1,...,n are independent for every n, and

Eny =0; Enszl; i=1,....m; k=1,...,n

lim mn~t <1, A (R) < ¢ < oo, the vector b is known,

n—oo

sup[ng+E’T(?’} <00, € >0,
m

where ¢ € R™, \; (R) are the eigenvalues of the matrix R,,. Then
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578
plim [ETGlo — ET(,B} =0.
n—oo
10.1. Gip-estimator for the solution of a Kolmogorov-Wiener filter with

unknown vector

Consider the discrete analog of a regularized Kolmogorov-Wiener filter
b(t) = (eI + R) (1), (10.3)

where £ > 0 is a parameter of regularization,
R, = {m_lR (sm_l,km_l)}zzszl c b7 t)={Q (t,sm_l) , s=1,..,m},

el )y ={p(tkm™), k=1,..,m},
R(z,y) =E [a(z) - Ea(z)][a(y) —Ea(y)],

Q(z,y) =E [a(z) -Ea(2)][B(y) —EL(y)]-

—

For this case, when free vector b(¢) is unknown, the estimator vector

GT(t) ={o(t,km™), k=1,...,m} will be referred to as the Gho -estimator. It has

the form
<, o ~n -1 ~n -1z
Gro—e ! {1 +eb [% Ty {1 n GRm} } } (1 n eRm) b (10.4)

where 6 is a nonnegative solution of the equation

N1
0 [1 — Yo+ yam Ty (91-1- Rm) } =e !t e>0; v, =mn <1, (10.5)

n

~ ~ ~ T .

Ry =n" 3" RY i RL? — (a?—a') (f—d’) L E=n Y@,
k=1

= — T ~ =
Fo={on (sm™); s=1,..m} =RV +a@ ye =B (t) =& +p,
RMQ is a symmetric matrix, ¢ is fixed, ny = ny = n, the vectors
{ﬁg:{’rhk; i:17...7m}; gk}; k:17"'7n

are independent for every n, random variables 7;5; ¢ = 1,...,m are independent; &; k =
1,...,n are also independent, and
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Eni = 0; Brf =1 E & =0 B (VRaii) =bii=Lowms k=1l..n.

THEOREM 10.3. [Gir84, p.298] If

limsupmn=! < 1,

4
sup max E |n:i6]” < o0,
n =1,....m; k=1,....n

S AT
sup _max wA%E@M&@—@@M&%—@}<m
then for every € > 0

plim [aTéw . 5ng] — plim [ETéw & (Ie+ Ryp)"" 5} —0.

n—oo n—oo

11. G11-ESTIMATOR OF THE MAHALANOBIS DISTANCE

Let &, 43; ¢ = 1,...,n1; j = 1,...,n2 be independent observations of m-dimensional
random vectors & = @ + VR, i = {wi, i=1,...,m} and 7 = @ + VR, 7T =
{vi, i =1,...,m} respectively and suppose that random variables yu;, v;, i =1,...,m
are independent for every n. As the empirical mean value vectors and the covariance
matrix R, we take:

no

ni
LN s S I -
ap =mnq Ti, A2 = Mgy Yi,

=1 i=1

We shall refer to the expression

R “A\T . . . _9_
an{(al—ag) Rl(dl—az)}”1+”2 m_m_m
ny+no —2 ni N9

as the (G11-estimator of the Mahalanobis Distance.

THEOREM 11.1. [Girb4, p.598] Let ny + ng — 2 > m,

B =Bvi=0, Epd =Bt =1, i=1,....m
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and for a certain 3 > 0

sup_max B [Jusl ™ + | 7] < o0
n t=1,....m

inf min X\ (R) >0, sup max \;(R) < oo,

n i=1,....m n t=1,....m

lim mnf1 = ¢q, lim mn;1 =cy, C1,Co <00; €1+ CoF crea,

ni,ng—00 ni,ng—>00

lim (@ — )" R~ (@ — ) [nyt +n5'] = 0.

ni,na—00

Then
. - S \T p—1 /= -
plim {Gu —(dy —d2)” R (d1 — ag)} =0.
ny,n2—00
12. Glg-REGULARIZED MAHALANOBIS DISTANCE ESTIMATOR
We call

Gy = (5’1 - 0152>T {5[ + 89;11,712]:2} -1 (&‘1 - 32) (12.1)

ni,n2 ni,n2

—[n7t 40yt €0, L, YR [a]+59_1 R}il ,

the G12-regularized Mahalanobis distance estimator, where € > 0 is a parameter. Here,
01, .n, is the nonnegative solution of the equation

. -1
(Y SRS S e 103 [0 S ) B
knyn, =mng +ng — 2}_1 .

It can be seen that there exists a unique nonnegative solution of this equation.
THEOREM 12.1. [Girb4, p.601] Let the random variables p;, v;, i = 1,...,m be inde-
pendent for every n,

Eu =Evy; =0, E,u? ZEVE =1,:=1,...,m,

for a certain 3 > 0

sup_max B [Jusl ™ + ui| 7] < o0
.,m

n =1,..

inf min A, (R) >0, sup max \;(R) < oo,

n i=1,....m n t=1,....m

and the G-condition be satisfied:

limsup m[ny + ng — 2]71 < oo, limsup [ngnfl + n1n§1] < 00,

ni,nzx—0o0 ni,nz2—00

sup (@ — @z)" (@1 — @) < 0,
ni,n
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then, ase > 0

lim P { [Gm (@ — @) (eI +R) (@ — 52)} DVt s =2 < x}

ny,ne— 00

— \/127/1 exp{—y2/2}dy,

where D,, are certain constants.
13. DISCRIMINATION OF TWO POPULATIONS WITH COMMON UNKNOWN
COVARIANCE MATRIX. G13-ANDERSON-FISHER STATISTICS ESTIMATOR

Let %, 4;; 4 = 1,...,m1; j = 1,...,n2 be independent observations of m-dimensional
random vectors & = @; + VR, " = {pi, i=1,...,m} and 7 = dy + VR, 7T =
{vi, i =1,...,m} respectively and suppose that random variables y;, v;, i=1,...,m
are independent for every n.

For the observation classification in the case of two Normal populations, the so-called
discriminant function is used:

T
R S e o o
U(z){xQ(a1+a2)} R 1(a17a2),xT:(x1,~~,zm).

We use empirical mean value vectors and the covariance matrix R,

ny

no

LI s 4 I~

ap = ny L, ag = Mgy Yis
=1 i=1

A 1 (L A N AR W L a\T
e (i) () 55 ) )
We shall refer to the expression
1 /- A\T o4 /2 - ny+mny—2-—m
Gt~ fo- 50 i -2
13 (%) {CC 5 ay + az ap — az PR—
as the Gy3 (%) -estimator of the discriminant function.

THEOREM 13.1. [Girb4, p.611] If in addition to the conditions of Theorem 11.1

lim (@ + )" R~ (@ + @) [nyt +n5'] =0,

ni,ng—00

then

phm {Glg (Vl) — U (1/1)} = O,

n—oo

where U; is an observation of vector gor 7] which does not depend on &, §j; i =1,...,n1;
j=1,...,ne and distributed as N {dy, R} or N {ds2, R}.
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14. G14 -ESTIMATOR OF REGULARIZED DISCRIMINANT FUNCTION

If matrix R is singular or ill-conditioned, then instead of the Mahalanobis distance «,
its regularized analog is considered

o = (@) — @)" [el + R]™" (@ — @), € > 0.

The regularized distance has more useful properties than the distance o To prove
asymptotic normality of G-estimators, it is not necessary that the random vectors ¢ and
77 be normally distributed. As was mentioned in the previous chapters, the estimator

Gez(a_angf+éy‘Ga_3g,e>a

with empirical mean vectors and the covariance matrix c:il, 327 R, is inappropriate for
solving multivariate classification problems. Indeed, with the increase of m, the number
of components of the vectors 5 and 77, the number of observations needed for obtaining a
given accuracy in the Mahalanobis distance estimation grows rapidly. In this section we
assert that under some conditions, there exists an asymptotically Normal G-estimator
for the regularized discriminant function, provided that

lim sup [mnl_1 + mngl] < 00.

n1,N2—00

Let @, ¢5; i =1,...,n1; j = 1,...,no be independent observations of m-dimensional
independent random vectors ¢ and 17 respectively. We call the expression

1 /. . T =1 /. N
G4 (7) = {f - (a’l - 62)} [EI + 59;1{“21%] (a’l - 52)
-1
|
the G14—estimator for the regularized discriminant function. Here 0,,, ,, is the nonneg-
ative solution of the equation [Gir54, p.615]

(T P i v [sIJra‘)’l

ni,n2 ni,n2

N —1
1~ ks mg + Fny oy 01, TYR [9%”21 + R} I

n2"ny,ng
—1

kny ny = m[n1 + ng — 2]
It can be seen that there exists a unique nonnegative solution of this equation.

THEOREM 14.1. [Girb4, p.615] Let the conditions of Theorem 13.1 be satisfied. Then

6 (@)~ {&- @ -m) Cren@-a

ni,ne—0o0 i=1,2

lim maxP {

ny+ng —2

__L 2
v <x}—m/_mexp{ y?/2} dy,

where f: is an observation which does not depend on @;, ¥;; i =1,...,n1; j=1,...,n9,
distributed as N {dy, R} or N {d2, R} and V,, are certain constants.
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15. (G15 -ESTIMATOR OF THE NONLINEAR DISCRIMINANT FUNCTION,
OBTAINED BY OBSERVATION OF RANDOM VECTORS WITH

DIFFERENT COVARIANCE MATRICES

In the case of classifying into two populations based on the Normal distribution, the
nonlinear discriminant function is equal to

{— (@ —a)T RN (F— @) + (7 — @) Ry (& — @) — Indet Rlel} .

Let &;, ¥;; i =1,...,n1; 3 =1,...,n2 be independent observations of m-dimensional

random vectors § and 7 respectlvely7 these vectors § and 7] are independent and dis-
tributed as N {@1, R}, N {d2, R}. As the empirical mean vectors and the covariance

matrices R;, we take:

@ = 12%’ dy = ngy Zyza
” 1 ny _ . . AT - 1 na B . B AT
Rl:nl—lz(”_“) (xi_‘“) ’R2:n2—1_2(yi—az) (yi“”“) :
=1 =1
We shall refer to the expression
1 A \T 5 ~\ni—1—m m
|l z_7 R—l (—»74)7 m
2{ <z al) L\t H np —1 +n1
~\ 7T - —1- 1 det Ry Ry
(i—i) Byt (g-i) el ] Ly cthufy!
nz —1 n2] 2 (L—mng') (1—mny')

as the G5 (Z) -estimator of the nonlinear discriminant function.

THEOREM 15.1. [Gir54, p.615] Let random variables ul, vi, i =1,...,m be indepen-
m, for a certain

dent for every n, Ep; = Ev; =0, Ep? =Ev? =1, i =1,...,
6>0

sup max B ||| + |yi\4+ﬂ} < 00,
n t=1,....m

inf min A, (R) >0, sup max \; (R) < oo,

n =1,....m n t=1,....m

and the G-condition be satisfied:

lim mny' <1, lim mny' <1,
m—00 m—00

sup (@) — @) (@1 — @) < oo.
m

Then,
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plim{G5 (v) =V (v)} =0,

n—oo

where v is an observation of vector £ or 1j, which does not depend on Z;, ;.

16. CLASS OF (G135 - ESTIMATORS IN THE THEORY OF EXPERIMENTAL
DESIGN, WHEN THE DESIGN MATRIX IS UNKNOWN

In this section we deal with problems of experimental design under the G-condition

lim sup m,n~1 < oo.
n—oo

Such a condition occurs when the number m of unknown parameters is large, and the
number of experiments n has the same order. Given the G-condition, the evaluation of
every separate parameter a; yields under some standard conditions the value ¢;n=/2,
where ¢, is some constant. In some cases, the total evaluation error is cymn~1/2,

In view of the above, it seems that it is impossible to obtain consistent estimators
under the G-condition. However, for many problems it is necessary to evaluate not the
parameters a;, but some function of these parameters f (aq,...,a,). But it turns out
that in many cases it is possible to find the limit of this function as n — oo;

hmsup|f(dl7' . adm) 79((117 s 7am)| =0.
n—oo
The function g is known and can be obtained as the solution of some equation.
This function g differs from the true function f, but when these two functions are
known, we can find the G-estimator G(a1, ..., G, ) of function f(ay,...,am) such that
in probability or with probability one, the following limit is valid

limsup |G (a1, ..., Gm) — f(a1,...,am)| = 0.

A brief outline of applications of the G-analysis methods described in this section fol-
lows.

16.1. G4 -estimator of regression models errors. The resolvent method in
the theory of experiment design, when the design matrix is random

Let us consider the regression model

j=Xé+¢& Ef=0, EeE' =R,,,, EX=A

where X is a random matrix, A is a known matrix and the distribution of the matrix
X is unknown. Only a simple characteristic of this distribution is known, namely:
the entries of the matrix X are independent and their variances are equal to certain
constants. Consider a regularized estimator of parameters of this linear regression model

G = (oI + XTX) " X7§. (16.1)

Suppose that we have performed experimental design under the random matrix X,
which does not depend on the random vector &. Then

é—{al+XTx} X7§.

C— Cq
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Let a =0, Eg; =0, Covee; = n_léij and pliminf A\, {XTX} > 0. We have

E {6 = llog X} =n T {XTX} "

Such an expression is inconvenient for finding a minimum on some set of matrices
X, since X is a random matrix. It can happen that this matrix will be ill-posed with
a positive probability. Therefore it is very important that under general conditions
this expression converges to some nonrandom expression, which is more convenient
for finding the optimum design. We introduce here the Gi¢ estimator of this error
E {l6— cull,_o IX}:

Gi6 = by (0),

where real analytic function b, («),« > 0 satisfies the following equation

1

My

bn(a)::LTr{I[1+’Ybn(04)]+(1_’Y)+ AAT}_ =<t

We mean here the Gg—estimator of the expression for E {||¢ — | | X }.
THEOREM 16.1. If for every n the random entries x;; of the matrix X are independent,

L limsupmy,'n <1, E|(zi —aij)vn|*T° <c< oo, § >0,

n—oo

Exij = Qij, Varxl-j =n

0<e < )\k(AAT) < co < 00,

then
plim[E {[|¢ = Calla=o | X} — G16] = 0.

n—oo

16.2. G4 -estimator of regression models errors. The resolvent method in
the theory of experiment design, when the design matrix is an observation
of a certain random matrix

Let us consider the regression model

j=Aé+¢& Ee=0, E&l =R, ,

where A is a matrix.
Here, under the same conditions as in the previous section, we consider the following
quality criterion of the least squares estimator

E {[¢— o} =n 'Tr{ATA} .

Suppose that we do not know the matrix A, but we have one observation of the
matrix X, where X is a random matrix not depending on random vector £ such that
E X = A. Then the G4 estimator of this error, n=!Tr(AT A)~1, is equal to:

B (glspl € ) ‘
Gi6(B,C,u+iv) = i/ { / Im Gg7(z)e_lt”dt}e_p(”_’“odp7 v > 0.
0 T J-c
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Here the Gar-estimator of Stieltjes’ transform (see Section 27)

(2} (Z7AAT> = milTI‘ [AAT — ZI?an] !

is by definition the following expression:
. . -1
Gar (0, XXT) = ¢ (9 (z),XXT> {1 + (9 (2) ,XXT)} ,

where é(z) is the measurable solution of the G7 equation
A 1 R -1 2
—O(z){l-i-nTr [XXT—e(z)Im,L} }

n 1 A -1
+ (1 - m—) {1 LTy [XXT - H(Z)Imn} } S
n n
z=t+1is, s > c and c is a certain constant.

THEOREM 16.2. If the conditions of Theorem 16.1 are fulfilled, then

lim lim lim plim’n_lTlr(ATA)_1 — G16(B,C,0+ iy)’ =0.

v]0 B—oo C—00 oo

16.3. The G4 -estimator of regularized regression models errors.
The resolvent method in the theory of experiment design,
when the design matrix is random

Let us consider the regression model

j=Xé+¢& Ef=0, Eee' =R, , EX=A
where X is a random matrix, A is a known matrix and the distribution of the matrix
X is unknown. Only simple characteristics of this distribution are known, namely:
the entries of the matrix X are independent and their variances are equal to certain
constants. Consider a regularized estimator of parameters of this linear regression model
G = (oI + XTX) " X774 (16.2)
Suppose that we have performed experimental design under the random matrix X,
which does not depend on random vector €. Then
G—éy=—{al+ XX} ' XT§
-1 -1
=cé—{al+X"X} X"Xe—{al+X"X}  XT&
=af{ol +XTX} - {al + XTX} ' XTE
Suppose that the unknown vector ¢ satisfies the inequality ¢7 D& < 1, where D is a

positive defined symmetric matrix. Then we can use the spectral theory of estimation
of unknown parameters [Gir84] to find the following regression model error:

max E (6— &) (G- ) = @Amax {D*W {ol + XTXx}7° D*1/2}

&T Dé<1

+Tr {al + XTX} * X"RX.
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For simplification we have assumed D = I. Now we transform this expression to
such a form for which it will be easy to apply the methods of GSA:

max E (C—Cy)(C—3Cn) = {a—|— Amin [XTX} }_2

e De<1

0 _ T -1
~ 5" "Tr {al + XT (I +9R) X} .

For further simplification we will assume that R = In~! and matrix z satisfies
the conditions of Theorem 16.1. Then the G14 estimator of regression model error is
introduced as follows:

_ Oby,
Gis=ala+ 6] +a (a)+bn(a)7
Oa
where
m 1 i 1 ’
_ S PR -
i =max ¢ 0, (1 7)[1 mkzzlak—vé ik m/;a’“_%] 7

and v, are certain real solutions of the Ly equation (see Chapter 4)

- v - v 11—~

I ) _ rou Y,

2 o o) L_lmm—vo?] NI
kzlm(akfvi)

ay are the eigenvalues of the matrix AAT and b, (o) satisfies the following equation

1

—1
— VL
1+ by (a) } 7

b (@) = 2 {14 30, @]+ (1) +

Under certain conditions the following assertion can be proven:
THEOREM 16.3. If for every n, random components of the vector €1 = {ey,...,e,} are
independent, Ee; =0, Ec?2=n"1 i=1,....n,0<ci <m,n~ ! <ey <1,
«; (AAT) <ecs,i=1,....m,D=1,
and the entries of the matrix X satisfy the conditions of Theorem 16.1, then

. — > \T /> - _
nan;o Gl6—(_:r%16aSXlE(c—ca) (c—¢,)| =0.

16.4. G4 -estimator of regularized regression models errors. The resolvent
method in the theory of experimental design, when the design matrix is a
realization of a certain random matrix

Let us consider the regression model
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max E (6 &) (6 &) = o {a+ Ammn [ATA]}

eTe<l

o _ —1
_ 87711 "Tr {al + A" (I +9R) A}'yzO ,ao > 0.

a matrix A is unknown, but we know a realization of random matrix X = A + =, and
we want to estimate this expression for the unknown matrix A. Here the G1g-estimator
is equal to

0Ga7 (@)
Oa

where the Gar-estimator of Stieltjes’ transform (see Section 27)

i1 —2
G16 = [O[ + 12118111] —+ « + G27 (OZ) y
¢ (z, AAT) =m 'Tr [AAT — 2y, ] -
is by definition the following expression:

Gar (z,XXT) = (é (2) ,XXT) [1 +vp (é (2) 7XXTH o ,

0 (=) is the measurable solution of the Ga7 equation
A 1 R -1 2
—9(z){1+nT‘r [XXT—e(z)Imn} }

n 1 A -1
+ (1 - m—) {1 + STy [XXT — () Imn} } S
n n

Ba™ is a consistent estimator for minimal eigenvalues i, = Amin (AAT) of the matrix
AAT which equals the minimal measurable solution x of the equation (see Section 28)

B (glspl A ‘ ) ?
i / / Im Ga7 (2) e Pdt § e P=iE)qp :
0 T J-A

Under certain conditions the following assertion can be proven

Amin (XXT) == {1 —Re

THEOREM 16.4. If for every n, random components of vector &1 = {ey,...,e,} are
independent, E¢; = 0, EEZ2 =n 1 i=1,...,n,0<ci <myn ' <ec <1,

«; (AAT) <c3, i=1,...,m,

and the matrix X satisfies the conditions of Theorem 16.1, then

lim |Gy — a{a+ )\min[ATA]}_2 — agn_lTr{aI + AT(1 + fyR)A};iO =0.
y -

n—oo
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17. G17-ESTIMATE OF T2 -STATISTICS

The multi-dimensional analogue of Student’s t? statistics is

AT . N
%= (@-4) R, (7-4d)
where
n R . R n
Ry, = (Fi)y =n™' Y (@ —a) (@ —a)", a=n"") &,
k=1 k=1

Tr,k =1,...,n are independent observations of a vector 5
. . . T
E{=a, E(@&)(gfa) — R,

From [Gir69, p.146] we obtain the limit of random variable 72 when random vectors
Zr —d; k=1,...,n are independent and G-condition is fulfilled.
THEOREM 17.1. ([Gir69, p.146]If G-condition lim sup,,_,.. mn~! < 1 is fulfilled, com-
ponents &, i = 1,...,m of the vectors
Ee =& i=1,....m} =RV T —@l], k=1,...,n

are independent and for some 6 > (

sup max E |§ik|4+5 < 00,
i=1,..., m;
o ok=1,..n

a a< Ca, Amin [Rm"] >c3 >0,

then

AT . ~
plim |(1=mn) (@=&) k! (3-@) —mn?

n—oo

AN N
We call the expression (1 — mn_l) ((’i — Ei) R (Ei— Ei) — mn~! Gi7—estimate of
T?-statistics.
18. G13-ESTIMATE OF REGULARIZED T2 -STATISTICS

A regularized T2-statistic is defined as follows:

T? =n(@—a) " (Is + Ry, )~ (@ — @),

g

where € > 0 is small number.
The G1g—estimate of T2 is equal to

Gig(e) =mn~'b(e)

where b (¢) satisfies the equation Kg (see Chapter 2, Theorem 8.1)
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-1
b(s)szlTrRm{JeJrRm[1+mn*1b(e)} } .

THEOREM 18.1. ([Gir69, p.151])If the conditions of Theorem 17.1 are fulfilled, then

plim [G1g (6) — mn_lb (6)] =0.

n—o0

The case when & = @ is considered in [Gir69, p.204-209].

19. QUASI-INVERSION METHOD FOR SOLVING G-EQUATIONS

Suppose that f(x) is a Borel function in R™» having partial derivatives of the third or-
der. Let Zy,...,Z, be independent observations of an m,,-dimensional vector 5, EE =
d. We need a consistent estimator of the value f(@). Many problems of multivariate
statistical analysis can be formulated in these terms. If f is a continuous function we
take

as the estimator of @. Then, obviously, for fixed m, plim, s f(z:z') = f(&). But the
application of this method in solving practical problems is unsatisfactory due to the
fact that the number of observations n necessary to solve the problem with a given
accuracy increases sharply with m. It is possible to reduce significantly the number
of observations n by making use of the fact that under some conditions, including
lim,, .o mn~! =¢, 0 < c < oo, the relation

p lim [f(@) —E f(@)] =0 (19.1)

n—0o0

holds. We call (19.1) and similar identities the basic relations of the G-analysis of large
dimensional observations. The methods of estimating functions of some characteristics
of random vectors would be studied by this method.

19.1. G-equations for estimators of differentiable functions of unknown
parameters

Suppose that vector 5 has a Normal distribution N (@, R,,,) and consider the functions
w(t,?)=Ef (2+ i+ ﬁtl/zn_1/2>7 (19.2)

where t > 0 is a real parameter, Z € R™», and v is a Normal N (0, R,,,, ) random vector.
Suppose that the integrals

2

E
aziazj

f (z+ @+ D’tl/Qn_l/2>

exist. Let us find the differential equation for the function u(t, Z). We note that (t +
A2 = 7t 4 7 (At)Y/?, where At > 0, 7y is a random vector which does not depend
on the vector 7 and 7 ~ /1. Then
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ﬁu(t,z) ~ lim LE [f (g+ G+ nl/2 (ﬁtl/Q —s—ﬁl(At)l/Q))

ot A0 AL
—f (z+ @+ 072
Then, by using the expansion of the function f in a Taylor series
L7 . ~ (= 0 ’ . 7
(@) s =30 (35 m) @+

we obtain that the functions w (¢, 2) satisfy the equation

) 1 o2
—u(t,?)=Au(t,?); A=— > rj—— 19.
5tu<t’z) u(t,2); Qnijzlr” 02;0%; (19.3)

w(l,?)=Ef (z+3) , w(0,8) = f(F+a),
where r;; are the entries of the matrix R,,, . Suppose that the random vector E has
. o T
arbitrary distribution with R,,, = E (f — d’) (f — Ei) . Let

k
an (kn™',2) = Ef{2+a'+n—12(fp —Ei"p)},

p=1

Up (t,2) = ay, (knil,zﬂ), En7t<t<(k+1n ' k=1,...,n,

)

lim nE/Ol(l—tQ) liin(@—ay) (3621)]3

n—oo

k—1
1 t

Then, by using the expansion of the function f in a Taylor series, we obtain

o (5o9) = (579)]
(19.4)

R 0? k-1
a % Z Tij 821823 an ( n 72) +En’
i,7=1

where lim,, o, €, = 0.
From equation (19.4) we have

m

t 1 n 82
up (t,2) = uy, (072)-&-/0 %i' 1Tijmun(y7z)dy+€n-

J=

(19.5)
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19.2. G-equation of higher orders

Let f(&), £ € R™» be the Borel function with mixed particular derivatives of order p

inclusively; let 5, E E = d be a certain my,,-dimensional random vector and let 1, ..., &,
be independent observations of the vector &.
If, for every Z2€ R™ and k=1,...,n
La—nrt (18 o\
lim nE —— | = Tik — Qi) =

=
sup E|f|Z+ad+ — (Z; —ad) || < oo,
7€ Rmn n-<4
then
t
on(62) = F(E+0)+ [ Bon(n2)dy+ e
0 (19.6)
en(1L2) =Bf (7+d),
where
k k+1
on (t,2)=Ef(Z4+d+ 1), f§t<i, k=1,...,n—1,
n n

p—1 Mn !
1 0
B= ﬁE (n '_E (:’Eil - ai)(%) .

19.3. G-equation for functions of the empirical vector of expectations
and the covariance matrix

Let us find the G-equations for the differentiable functions ¢,, (37 Rmn) of the empirical
vector @ and the covariance matrix Rm which are obtained by independent normally

distributed N (@, R;,, ) observations Z1, ..., Z,.
Consider the functions

wn (62, Xm,) = 9 {@+ 7+ R/, Ry, + X,

k
1
+R71n/2 (ﬁsﬁ5_1>R;{2}7
n n — 1 n
s=1
where 75 are independent m,,-dimensional random Normal law N(0,7) vectors , and
Xm, = (x;;) is a matrix of the parameters of the same order as the matrix R,,, .
If the functions wu, (¢, 2, X,,,) can be represented as
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k k—1 k—1 n
Unp <757 an> — Up < 72; an) = Auy, ( aga an> + ia
n n n n

where
RCL gl — 1
A==— Y E (R},{“ *——R)/?
2n i,4,p,l=1 n—1 ij

Toifl — 1 02 1 & 0?
X (R:,{S%R:ﬁ)pl W + o i’jZZI Tijm§
then we obtain the equation
Y (8,2, Xm,,) =0 (Z+d, Xm, + Rm,)
[ A2 X
Un (1,2, Xm,) = B (4 & Xon, + B, )

for the functions

<t<

k k k+1
wn (tu27 an) = Un (753 X’mn) y + .
n n

19.4. G-equation for functions of empirical expectations

Let

k
u, (kn~,2) =E f (5+@'+n—12(@, —Efp)> ,

p=1

k k kE+1
1/1n(t,5)un<,5>, —§t<i; k=1,...,n.

n n n

If the limit exists,

k k-1 k

i {n o (£.2) = (B22) | =0 (u(22) ) | =0
n— o0 n n n

where 0(y) is a certain continuous function on [0,1], then for the functions ¢, (¢, 2) we

have

Un (t,7)

t
—o@+a)+ [ 010 1Dy +
0
We deduce the finding of G-estimators of the functions f (@) to solution of the inverse
problem for equation (19.5). The latter consists of finding «, (0,2) by the function

ay, (1, 2), which is replaced by the function f (Z + 3) based on observations of the

random vector E Of course, the solution of the inverse problem with such a replacement
cannot exist in the class of functions W2(O’2). Therefore, it appears expedient to find a
generalized solution of the estimation problem of function f (@) .

Let v () € Lo and let the functional
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I(p) = /D o (17,0 () — @ ()| (19.7)

be determined by the functions ¢ (%) € WQ(O’Q). Here D is a domain on m-dimensional

—

Euclidean space, which is bounded by the piecewise smooth surface S, and av, (1, Z, ¢ (+))
is the solution of the equation

. . ] & 0? .
o (bZ0() =@+ [ 50 3 g o e () du o 1),

at the point ¢t = 1. The function ¢ (Z) is the solution of the inverse problem if

inf -~ I(p)=1(2).
p()Ew;"?

To solve this problem, we proceed as follows. First, we solve the direct problem

an (67,0 () = 9 (7) + / Aay (u, 7,0 (-)) du + 0 (1),

where

1 & 0?
= 5 e o n 7_»7 : :Oa €S
g 32 ey an ()

Here S is the piecewise smooth boundary of a connected domain D and

79 (1757 ¥ ()) =9 (f)

is a given function. Then we have an approximate value for the initial condition of the
function p(z). It is quite possible that, in general, such a problem has no solution for the
given function. Therefore, it is appropriate to solve the inverse problem approximately
with the help of the so-called quasi-inversion method. Thus, we consider the following
equation

ou (t,2)

5 = Asu(t,2), u(1,2) = a, (1,2) (19.8)

instead of equation (19.5); here Ajs is some operator similar in some sense, to the
operator A and such that the solution of equation (19.8) is stable. We can choose

As = A+ 642, §>0.
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19.5. Estimator G19 of regularized function of unknow parameters

By obtaining the solution of equation (19.6), we can apply the spectral theory of the
operator As. Its spectrum is, however, continuous. Therefore, it would be better to
replace operator A by an operator A, such that its spectrum is discrete and whose
eigenfunctions form the complete orthonormal basis in the Hilbert space Lo. For exam-
ple, instead of such an operator A, we can choose

Ac=A+eq(D)+6[A+eq (D), &,6>0,

where ¢ (%) is any measurable function such that the operator A +eq (%), Z € R™
satisfies the above mentioned condition. From the operator spectral theory, it follows
that instead of function ¢ (Z) we can choose any measurable function such that

lim ¢ (%) = .
[I1Z]| =00
Let Ak (¢) and g (2), k =1,2,... denote the eigenvalues and eigenfunctions of the
operator A + eq(Z), Z € R™, respectively Now we can give the main form of Gig-

estimators of function f (&) ;

Gio =exp {As —cAj} f (57"‘ 5>2:
_ iexp{/\k (€) — o2 (5)}/f (3+5)<pk (2) dZpy, (6) ;
k=0

where

K2

Ag:;iilaz?;sz (&‘—d’)(&’—d’)j—i—aq(?); e>0, §>0,

and ¢ (Z) is any continuous function satisfying the condition

liminf lim ¢ (2) =
nvoo |2 oo

Q.

20. ESTIMATOR G5 OF REGULARIZED FUNCTION OF UNKNOWN
PARAMETERS

When function ¢, (t, Z) satisfies equation (19.6), we use the following operator in equa-
tion (19.8),

A.=B+eq(2)+0[B+eq(2)]?, &,6>0.

Here ¢ (%) is any measurable function such that the operator B + eq(Z), Z € R™
satisfies the above mentioned condition,

p—1 1 mn 9 l
B = o i1 — @)= | -
;l! (n ;(Il “)azi)

From the operator spectral theory, it follows that instead of function ¢ (Z) we can
choose any measurable function such that
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lim ¢ (%) = cc.
12| —o0
Let Mg (¢) and g (2), k = 1,2,... denote the eigenvalues and eigenfunctions of
the operator B + eq(Z), Z € R™, respectively. Now we can give the main form of
Gop-estimators of function f (@) ;

Goo = exp{A:} f (0% + 5)

Z=

=3 exp (e () — X2 (e)} /f (@' n z) o (2) dZpy, (0).
k=0

21. G21-ESTIMATOR IN THE LIKELIHOOD METHOD

The discussion of this section shows how G-estimators can be constructed from any
stochastic experiments. Let #;, & = 1,...,n be independent observations of vector
€ which has a density p (@, ©), Z = {£1,...,%m} , where & = {oq,...,0q}" is an
unknown vector. The likelihood method consists in the following: as an estimator of
vector @ = {ay, ..., al}T , we accept any measurable solution @ of the equation

where

is the likelihood function. For large dimensional unknown vectors & = {ay, ..., al}T ,
we consider in this section the general likelihood method or G-Method. In this method
we make two assumptions: 1. Instead of estimation of vector & = {ay,.. .7al}T we
consider the estimation problem of density p (&, &), & = {z1,... ,xm}T or a certain
functional of this density. This assumption is valid in many important practical prob-
lems. II. Instead of one sample of observations Ty, k= 1,...,n we consider the scheme
of series of samples sequence. The number of unknown parameters m and the number
of observations n are related so that the following G-condition is fulfilled:

lim sup m,n~! < oo.
n—oo
Now we give the main form of G-estimators of density p (&, ¥) :

Go1 () = exp {A5 — 5A§}p (c:i + Z, x)

Z=0

:Zexp{)\k (6) — X2 (6)}/p(82+5, :E")gak (Z)ngak(ﬁ),

k=0

where @ is the estimator obtained by the likelihood method, Ay (¢) and ¢k (2), k
1,2, ... denote the eigenvalues and eigenfunctions of the operator A +eq(Z), Z € R™,
respectively
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2

A, = ;Zm_: aZJE(a—a>Z(a—a) +eq(2); >0, 6>0,

and ¢ (Z) is any continuous function satisfying the condition

liminf lim ¢ (2) = oo.
n—00 ||z]|—o0
Here we mention some new properties of the GGoi-estimators we have thus derived:

I. Under the G-condition and some conditions for the density p(&, &), these Ga1-
estimators are consistent and even asymptotically normal.

II. Under the G—condition the standard estimators of the likelihood method lose their
asymptotic properties. The Gai-estimators of density p(@, #) have a complicated
form, but for some cases it can be see that a new estimator of @ in the expression
for the Ga1—estimator depends on vector & = {z1,... ,xm}T

Let us consider one example. Because it is very difficult to find a simple evident
expression for the Goi-estimator, let

p(@ &) = (27) ™ exp {— @ — 2| /2} &€ R™ TcRP.

Then the likelihood estimator of vector & is equal to

p<0:2 x) (27)™/2 exp B i @-a"q |l
, 2 vn oan |’

where 77 = (57 - 07) V.
Obviously, if

lim m,n~' =¢, 0<c¢<oo; limsup||@—Z|*n~! =0, (21.1)
then
. 2
p(.7) :
hm E — =S 1 = {676/2 — 1:| > O

But if we take the Ga1-estimator

G (57, :E’) =p (c:v’, :i") e“/?

of the density p (@, Z), we will have under the same condition (21.1):
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It is easy to see that the Goi-estimator is much better than the standard likelihood
estimator.

22. (G23-ESTIMATOR. IN THE CLASSIFICATION METHOD

Certain problems of classification can be formulated in the following way: let Borel

functions f, (z1,..., Ty, 0) of sample observations x1,...,z, and unknown parameter
6 be given. We need conditions on the function f, (z1,...,2,,0) and the distribution
of x1,...,x, such that the measurable solution 6 of equations

fn(mla'--7xn>0) 207 or Supfn (xlw'wxnae) :f’n (ml,...,l’n,é)
0

converges in probability to the corresponding solution 6 of equations

Efn.(x1,...,2,,0)=0; or supE f, (z1,...,2,,0) =E f, (xl,...,xmé).
4

If the densities p (z, 0) of the random variables 1, ..., z, exist and

fo(x1,..  20,0) = Zlnp(xkﬁ

then this problem is known as the problem of the method of the maximum likelihood
method.

22.1. Integral representation method. Limit theorems of the type of the law
of large numbers

One of the important problems of classification theory is the problem of finding

sup / f (@, z)dF (),
acA

where f (@, Z), & € R™, & € R® is some measurable function, F () is a multivariate
distribution function and A is some measurable set. Suppose that the point &g, at which
the function [ f (&, Z) dF () attains its maximal value, is unique. This proposition is
equivalent to the equation,

sup/f a, %) dF (& /f ao, ) dF (Z), (22.1)
acA

having a unique solution. In many problems the function F' (&) is unknown and one uses
an empirical distribution function obtained from n independent observations &1, ...,
of the random vector . Then, instead of equation (22.1), we get the equation

sup n” Zf &, &) = ‘1Zf(57,fk) (22.2)

acA
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Consequently, the problem is reduced to finding the extreme of the empirical function

and conditions when plim &= Ao, and proving that the asymptotic distribution of the
n—oo

vectors (é’ — do)Cp, under some normalization, is normal. The integral representation
method of the proof of limit theorems for the extremum of empirical functions is based
on the proposition that the function f (&, Z) can be represented in the following form

J (@) = / exp (id75) p (7, %) dif: § € R, (22.3)

f@,x) = /exp (ingj’) q(y,a)dy; y€ R™, (22.4)
where p and ¢ are absolutely integrable functions, or in the form of convergent series
o0
F(@,3) =) e (@ pr (@), f(a,7)= Z dp (& (22.5)
k=1
where @y, ¥ are some sequences of orthonormalized systems of functions:
(@ = [ 1@ @) a7 (@) = [ @D (@) da.

We note that sometimes a function f can also be represented in the form of a Stieltjes’
integral

joJi

£ ,f)z/exp@a‘%z)dG(zz,f); je R,

f(éf,f):/exp(lx y)dK(y7 a)dy; ¥ € R™,

where G and K are functions of bounded variation. Using, for example, formula (22.4)
we can reduce equation (22.2) to the form

supnt Y f(d, 7)) = / q (¥, ) {nl > exp (7] 7) } dg. (22.6)
aeA k=1 k=1

On the right-hand side of this equality we have the sum of independent random
variables, for which the limit theorems can be used. On the basis of this equation the
following assertion is proved in [Gird4, p. 133-141].

THEOREM 22.1. Let Z1,...,%Z, be independent observations of a random vector E, and
suppose that a function f is represented in the form of the integral (22.4), equation
(22.1) has a unique bounded solution &, and

1/2
/%ug lg (7, @)| [1 - |E exp (157’{37) |2] dy < oo.
ac

Then plim &’n = dy, where &'n is any measurable solution of equation (22.2).
n—oo

Following the main principles of GSA, we introduce here the Gas estimator of function

£(@) = [p(@n, @) dF (7) :
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Goo = {exp {AE + 5A?} /p (O%n + 2, f)dﬁ (f)] )

Z=0

where

? J

AE:% i ajgsz (022762)_(3762)_+5q(2’); £>0,0>0,
ij=1_""

=

and ¢ (Z) is any continuous function satisfying the condition

liminf lim ¢ (2) = oo.
n—00 ||Z]|—oco

23. G23-ESTIMATOR, IN THE METHOD OF STOCHASTIC APPROXIMATION

The problem of stochastic approximation can be formulated in the following way: Sup-
pose that in the space R™n there are defined functions ﬁ (Z), & € R™, f(f) =
{f (@), k=1,..., qn}T. The goal is to find the solution of the system of equations
f (@) = 0. Suppose that in every point £ € D € R™ we can calculate vector func-
tion f(Z) with certain random errors. Observations & (Z,), s = 1,2...; (%) =
{& (Z5), k= 1,...,qn}T of vectors f(fs) + 7, s = 1,2..., where 75, s = 1,2,...
are certain random vectors, are available. It is necessary with the help of these obser-
vations to find a sequence of the points converging on probability to the solution of the
system of equation f (%) = 0.

According to the Robbins-Monro procedure we choose the following sequence of the
points &5 € R™ satisfying the system of recurrence equations:

(fs+1 - ‘7_“:8> O‘s_l = E(fS)’ T €D e R™, (23'1)

where a; is a certain sequence of numbers.
Let us estimate the rate of convergence of the sequence &1 to the solution of the

system of equations f (%) = 0. Suppose that there exists the unique solution 7 of this
system of equations and that in the neighborhood of this solution

(Zp1 — Tp) = (Lp — To) + apZ, (F — L) - (23.2)

where =} are random matrices, EZ; = B.
Using (23.2) and (23.1) we get
Denote gp+1 = (Zp+1 — Tp) Vp+1, Where 7,41 is a normalizing sequence. Then

P
Yp+1 = 7p+17;1 U, + apZp] Up = Yo H {’Ys+17§1 [T, + 5B}
s=0

We can now use for this product of random matrices the G4o-estimator when mp=! —

¢ (see Section 42). The obtained estimator will be denoted as Gas.
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24. CLASS OF ESTIMATORS Go4, WHICH MINIMIZES CERTAIN
MEAN-SQUARE RISKS

Let ET ={&,...,&n, } be a random Normal N (6, szmn) vector; assume that Z;
s=1,2,...,n are independent observations of vector 5" Obviously
n
i=n""Y i
k=1

is an unbiased estimator of vector @ and
- T /.
E(i-a) (i-a)=c®mmn "
C. Stein [St1-3] has proposed a method to find estimators @ such that
- T /.
E(i-d) (i-a)<omn.
His method consists in the following: let us consider estimators
i— g (5).
where Z € R™~, §(&) € R™. It is easy to verify that
. T /. . . T (.
E (a— a) (a’- a) _E {a’+n—1§(a’) - a} {a’+n—1§(
2 /4 NT./a o T (2 = (2
=—E (a—a) g(a) —n “Eg (a)g(a).
n

Using this equality we have

E (é’—d’)T(a’—a) ~E {é’—a}T{a’—a}

- 2 (24.1)
2820 (3)3(6)
i=1 ¢

=

Suppose that function g (a) is equal to

g(Z) = grad [In ¢ (7)],

where ¢ (Z), & € R™" is a twice differentiable function. For this function the following
equality is valid

< 99i ()
Z 83@ _Z:ari

i=1

= —§" (£) § (%) + ¢ (¥) Ap (F).

3
3
Q
[ ——
—_
)
S
&
—_

Here
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is the Laplace operator. Using this equality and (24.1) we get

E (afa)T (é'fa) -E {é’fa}T {éfa}
gt ({)9(3) -8 [ ()] 80 ).

The right part of this equality is positive if Ay (é’) < 0. Such functions are called

superharmonic functions and do not exist on the real line or on the complex plane.
Therefore, in these two cases the Stein method does not give improvement of the esti-
mator d. But if m,, > 3, then such superharmonic functions exist.

In G-analysis one of the axioms requires that we estimate some functions of param-
eters with unknown distribution. Nevertheless, using the G-analysis methods, we can
try to find some estimators which minimize certain risk functions. We will denote such
estimators by the symbol Ga4. Consider several examples:

24.1. The risk function of the estimator of inverse covariance matrix R~!

The risk function of the estimator of inverse covariance matrix R~! is equal to
2
m,'ETr {R;,' — G},

where estimator G is a certain matrix function of observations &1, ..., Z, of a random
vector with the covariance matrix R, . In the Section 3 it was proved that we can

consider the estimator G3 = R,_n}l [1 — mnn_l] , where Rmn is the standard empiri-
cal covariance matrix. For such estimator and the standard estimator under certain
conditions

2 N 2
m BT (R - Go} <m BT { R - R

Mn Mn

24.2. The Stein’s risk function

We can use G—estimators GG; and (3 for the minimization of the Stein’s risk function

Tr R, G —Indet R,,' G + m,.

The obtained estimator we call the Go4—estimator.

25. (o5- ESTIMATOR OF THE STIELTJES TRANSFORM OF THE PRINCIPAL
COMPONENTS

Let Ak, Bx; k= 1,...,m be eigenvalues and corresponding eigenvectors of the covari-
ance matrix R,,. Consider the spectral function

NE

v (2) = 3 (@7 @) (ET@) X O < ),

el
Il

1

where @, b are m-dimensional vectors. We call ZT' @), a k-th principal value. Here & is
an observation of a random vector with the covariance matrix R. Consider Stieltjes’
transform of the spectral function vy, (z) :

/ (1+ tz)dvy, (z) = @" (I +tR,,) " b.
0
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The Ga5 estimator for the quadratic forms of resolvents of covariance matrices
-1

ar (I—I—t]:?mn) b is equal to: Gaos = a’ (I+9Rmn)

solution of the equation

1,
b, where 6 is the positive
. -1
0 {1 —mun~! 4+ T (I+ GRmn) } —t t>0.

26. Gog - ESTIMATOR OF EIGENVALUES OF THE COVARIANCE MATRIX

Let pm, < ... < py be the eigenvalues, let f_ii,i =1,...,my; hi; > 0be the eigenvectors

of the covariance matrix R,,,, and let the vectors 21, . .., &, be observations of a random

vector £ distributed according to the Normal law N (@, Ry, ). Here Ry, is the empirical
covariance matrix

n

Ry, = (=17 (ap —a)(ap —a)"

k=1

and a is the empirical expectation:

n
a=n"" E Tp-
k=1

It is well known that the maximal likelihood estimators of the simple eigenvalues

tm,, < ... < p1 and corresponding orthonormal eigenvectors f_il-,i =1,...,myu; hy; >0
of the matrix R,,, and of the vector @ obtained from independent vectors i, ..., T,
which are observations of a random Normal N (@, R,,,) vector £ are equal to ([And1])

o, (Rmn) <..<w (Rmn) , h; (Rmn) , (:i, i=1,...,my.

In view of the optimal properties of these estimates, it seems that the problem of
asymptotic estimation of the simple eigenvalues p,, < ... < g1 and the eigenvectors

hi,i=1,...,my; hy >0

has been solved. And this is indeed so, if m is small and does not depend on n .
For large values of m, one can try to reduce the bias of these estimates by using the
“jackknife method” or the “bootstrap method”. These methods do not give a clear
analytic formula, although they involve a large number of computer calculations. The
question arises as to whether all the estimates of the eigenvalues p; are necessary to
the solution of practical problems. An analysis of many problems suggests that they
are not all necessary. But then one can try to use G-analysis methods [Gir40, Gir4l,
Gir50, Girb1, Girb3, Girbb, Gir57, Gir58] to find consistent estimates of a finite number
of eigenvalues p; that do not depend on n under the condition

limsupm,n~! < 1.
n—oo
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26.1. The criticism of the multivariate statistical analysis. Gs-estimator
for Stieltjes’ transform of the normalized spectral function of covariance
matrices

In this section we consider an important problem of G-analysis, namely, that of estima-
tion of the eigenvalues of a covariance matrix. In spite of many studies of eigenvalues
of random matrices we do not have good estimators for them. Indeed, we do not have
any information on eigenvalues. Therefore, it is very difficult to apply the perturbation
formulas to find these estimators. Let R,, be a covariance matrix, A\g; k = 1,...,m
and let 7;; k£ =1,...,m be its eigenvalues and the corresponding eigenvectors, chosen
in such a way that they are random variables. We consider a new spectral function

m
Vn (2, R, ) = > " il bx (A < ),
k=1

where @ and b are any nonrandom real vectors of dimension m. Such a spectral function
contains all information about eigenvalues and eigenvectors. With its help, we can find
new (more precise) estimators for the principal values and the eigenvalues of the covari-
ance matrix R,, by the independent observations of the random vector 5 Note that
with the help of this estimator we can significantly decrease the number of observations
required to solve practical estimation problems of principal values for large values of m.
The criticism of the multivariate statistical analysis of large-dimensional observations
was due to the fact that the error of estimates in this analysis usually is mn~'/2 or
\/ﬁn_lm, where m is the number of parameters to be estimated, and n is the number
of observations. It is evident that the number of observations needed for estimation
with given accuracy increases sharply with the growth of m. Hence, multivariate sta-
tistical analysis does not help us to solve practical problems involving observations on
large-dimensional vectors. After many years of research, it appears that under the G -
condition

lim sup m,n~! < oo,
n—oo
consistent and asymptotically normal estimates of many functions ¢ (R,,,, ) do not exist.
However, by the developed matrix spectral theory, we can establish that they do exist
under the G- condition

limasup mun~t < oo, pnlingo {cp (Rmn) — (Rmn)] =0,

where 1 is some known measurable function of the matrix R,,, entries. This equation
will be called the G-equation. This is the principal statement making up the basis of the
G-analysis of observations of large dimensions. We must recall that the Gs-consistent
estimator for the trace of resolvents of covariance matrices

. -1
m, ' Tr (Rmn —zImn) , z=t+is, s>0

has the form: .
Go(2) = 2710 (z) m; ' Tx {Rm" —0(2) Imn} ,

where 6 (z) is the measurable solution of the equation
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0(2) T { Ry, ~0(2) I, } L (1- ") + 0 _
n n z
The solution of the problem of finding the Gag-estimator of the eigenvalues A; turned
out to be extremely complex. For example, the G5*(A, B, ¢) -consistent estimator
for the maximal eigenvalue A1 (R,,) of covariance matrix R,, is equal to a maximal
measurable solution x of the equation

. B olspl A ) )
A1 (Rm ) =zReq1l—vy—nx|i € Im G (z) e7Pdt p e PE=Edp | b
n 0 7-(_ 7A

where v = m,n ",

Gy (2) =270 (z) m; ' Tr {Rmn —0(z2) Imn}_1 ,

z=t+1is, s > ¢ > 0, cis a certain constant, 9(2) is the measurable solution of the
equation

1 R R -1 N
0() T {Bn, =0 () I} — (1= 22) + o) _y,
n n z
Similarly we defined the G54" (A, B, ) -consistent estimator for minimal eigenvalue
Am (Rp) of covariance matrix R,,, , which is equal to a minimal measurable solution x
of the equation

B glspl A _ _
i/ / Im Gy () e *Pdt p e PE=iE)qp |
0 T J-A

Am, (Rm) =z {1 — v —~xRe

where
. . . —1
Gy (2) =210 (2)m, ' Tr {Rmn —0(2) Imn}

z=1t41is, s > ¢ > 0, cis a certain constant, é(z) is the measurable solution of the
equation

0(z) %Tr {Rmn —0(2) Imn}71 - (1 - %> + M =0.

n z

THEOREM 26.1. [Gir40, Girdl, Gir50, Girb3, Girb5, Gir57, Gir58] Suppose

X1,...,T, is the sample of independent observations of a random vector,
Fr = RY26,+d@, E& =0, B&EL = L, & = {Gni=1,..om, },  (26.1)

random variables &;;, are independent and for a certain § > 0

E &1 <c < oo, (26.2)



606 Chapter 14

Ai(Rp,) <c<oo, i=1,..,my, (26.3)
liminf m,n~! > 0, limsupm,n~! <1, (26.4)
M (Rm,) > X (Ri,)+73 7>0, k=2,...,m; n=1,2,.., (26.5)
m
Rm )
lim sup — z <1, (26.6)
n—oo 1 Z Rmn) -\ (Rmn)]Q
and with probability one
Ak (R, )
li fli fl1 R 2
imntliminf )1 ez < Mo (Run,) — G3(4,B,c) —
(26.7)
1 m Gmax ( )
+—Re —| > 0.
2D B R] OB (A B.2) il Do (o) () 5]
Then
181%1 Bh_r)noo JEHMQEI;}[ WX (A, B,e) — A1 (Rm,)] = 0. (26.8)
THEOREM 26.2. Suppose that conditions (26.1)-(26.4) are fulfilled
Amy, (Rm,) <A (Ri,)+7; 7>0, k=1,....,my, —1; n=1,2,..,
my—1
1 < 2 m
lim inf — Z Ak (Fon,) 5 <1,
nmee n k=1 [/\k (Rmn) - /\mn (Rmn)]
and with probability one
o Ak (Bm,,)
1 f1 fl1
BT Re Z e (Rom,) — GBI (A, B, e) —
my—1
1" min( 4 B, )\
+-Re . : (4, B, €)Mk (B, —|>0.
no = A (Rm,) — G%“(A, B,s) ie] Ak (Rin) = Am,, (Rim,,) — i€]

lim lim lim plim [G3" (n, A, B,€) — A, (Rim,)] = 0.

€l0 B—oo A—o0 o0
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27. Go7 - ESTIMATORS OF EIGENVECTORS CORRESPONDING TO EXTREME
EIGENVALUES OF THE COVARIANCE MATRIX
Let M (Rm,) > -+ > Am, (Rm,,) be the eigenvalues and @1 (Rp,,), -, Gn (Rm,,) be

n
. . . . n
the corresponding orthonormal eigenvectors of the covariance matrix R,,, = (rgj ))
4,J=1

and the first nonzero component of every eigenvector is positive. Consider the G-spectral
function

Vo (2 Rona s 5,2) = 3 [ (B, )] [B7 G (B )| X D (Rin, ) < ],
k=1

where b and ¢ are arbitrary m,-dimensional vectors.
The Gor {Rmma 5} -consistent estimator for the product of the linear forms

'3 (Rm,) 5T95’1 (Rm, ), where @1 (R, ) is the eigenvector of matrix R,,, correspond-
ing to its maximal eigenvalue, is equal to

max - ) 1 . .
G§7a ) |:TL7€757A;B;Rmnab7C:| =5 ]{ Gaos (A, B,u + iv)d (u +iv),
i

19y — max | —
|u+1'u st |76

where § > 0 is a certain small number,

Gas (A, B,u+ i’U)

— 1/03 {el:rpl /OA ' Im {é(ZZ) [Rmn . (é ) —l—ia)}_l} ge_itpdt}

x e Py (y > 0) dp,

H/OB {wl / @ lm {9() (B, = I, (0(2) + i) } aeitpdt}

x e Py (y < 0) dp.

z=1t+is and s > ¢ > 0, where ¢ > 0 is a certain constant.

Similarly we defined the consistent estimator for linear form
B (R ) T B, (R, ), where @y (Rp.,) is the eigenvector of matrix R, corre-
sponding to its minimal eigenvalue:

Gg;lin) n35763A7B7RmW,7575 - 5 . % G25 (A,B,quw)d(quw)
|u+iv7Gg‘Gi"|:5

THEOREM 27.1. Suppose that conditions (26.1)-(26.7) are fulfilled and
Fe+b7b < ¢ < oo,

Then
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lim lim pnm[ max {n,s,&,A7B7Rmn,5,E — &Gy (R, ) b7 31 (R, )| = 0.

A—00 B—oo 00

28. (Gog CONSISTENT ESTIMATOR OF THE TRACE OF THE RESOLVENT OF
THE GRAM MATRIX

The Gag-estimator of Stieltjes’ transform ¢ (z, AAT) = m,'Tr [AAT — 21,,,, | s by
definition the following expression:

Gas (2, EET) = (é (2) ,EET) [1 +vp (é (2) ,EET)} B .

Here E is an observation of the matrix A + H, H is a certain random matrix, 6 (z) is
the measurable solution of the Gag-equation

—0(2) {1 + %Tr [EET —0(2) Imn} 1}2

(28.1)
My, 1 ——T A -1
+ (1 - —) 1+ —Tr [:: —6(z) Imn} =—z.
n n
Additionally we will use the non-negative solution 6 (z) of the equation
1 -1)?
—0(2) {1 +—ETr [EE" —0(2) I, | }
" (28.2)
my 1 —_T -1
+ (1 — —) 1+ —-ETr [:: —0(2) Imn] = —2.
n n
THEOREM 28.1. If for every n, the entries §i(;-l), i=1,....,mpn; j=1,...,n of random

matrix = are independent, E 51(;) =a™

(n) _ 1. :
i varg,’ =n""; for a certain § > 0

n

(n) __(n)y (240 >

B¢ —ai W e <oo, max E 1%- < ey < oo,
‘7:

0 < liminf — < limsup — < 1,
n—oo M n—oo 1N

then with probability one for every S >0 and T > 0

, _ -1
lim  sup  |Gaos(2) —m, ' Tr {AAT — 21, } ‘ =0,
N—00 0<c<Im=z<S,
|Re z|<T

where ¢ > 0 is a certain constant.

Thus, under some conditions

lim sup
N—00 0<ec<Imz<S,
|Re z|<T

Gas () = my, " Tr {AAT = 2, } | = 0.
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We need to know the trace of the resolvent of the covariance matrix for all s > 0.
Since the function m;'Tr {R,,, — zI,,, }~ " is analytic in z, Im z > 0 we can use many
methods for its analytical continuation. For example, we can use the Fourier transform
and consider the following modified Gag estimator:

™

B [ olspl A ) _
Gog (A, B,u+iv) = i/ {e / Im Gag (2) e_‘tpdt} e P=iv) gy 4 > 0.
0 A

It is easy to prove that the following assertion is valid: if the conditions of Theorem
28.1 are valid, then with probability one for every € > 0,5 > ¢ >0

lim lim lim sup
B—00 A—00n—00 gce<y

Gas (A, B,u+1iv) — m, ' Tr {AAT — (u + iv) Imn}_l‘ =0.

29. (G29-CONSISTENT ESTIMATOR OF SINGULAR VALUES OF THE MATRIX

Let p1 > po-++ > pm, be the eigenvalues and let h;,i = 1,...,m,; hi; > 0 be the
corresponding eigenvectors of the matrix AAT, A = (aij)m-:l.

The G55 -consistent estimator of maximal eigenvalues pq (AAT) of matrix AAT is
equal to a maximal measurable solution = of the equation

B elSpl A . . 2
i/ / Im Gog (z, EXiT) e gy e PEiE) gy ,
0 T J-A

where Z is the observation of matrix A+ H, H is a random matrix, z = t+is, s > ¢ > 0,
c > 0 is a certain constant,

1 (EET) :x{l —Re

G (z7EET) _ iTr [EET —4(2) [m} -t {1 + %Tr [EET —0(2) Im} 1} -1 )

m

0 (z) is the measurable solution of the Gag equation

1 . -1
0(2) {1 " [EET —0(2) I} } = -
m
Similarly we defined the G4™ -consistent estimator for minimal eigenvalues
L (AAT) of matrix AAT which is equal to a minimal measurable solution z of the
equation

B (olspl A _ , ?
i/ / Imn Gag (2) e~ *Pdt § e P@=1E)qp .
0 T J-A

THEOREM 29.1. [Gir55] Suppose that in addition to the conditions of Theorem 28.1,

pm (EET) = x{l —Re

m=n, E ’(fl(]n) - ag;l))\/ﬁ‘4+5 <c<oo, §>0
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and

e (AAT) <d <005 (AAT) > L (AAT) +7; >0, k=2,...,m.

. = ) + p1 (AAT)
hmsup{ Z:: — (AAT)] } <1,

n—oo

and with probability one

2
. . . . 1
hrg})nfhnnigf {1—Rez (AAT) — (AAT)ig}

s 1 1
2 — —Re — + -
{ kzﬁ [Mk AAT) — py (AAT) —ie  py, (AAT) — GE™> — IJ }

> 0.

- 1
7Gmax
% kz:; [ (AAT) — G2 — ie] [ (AAT) — iy (AAT) — ]

Then

lim lim lim plim [G5™(B,C,e) — 11 (AAT)] =0

el0 B—oo C—00pn—oo

30. (G3)-CONSISTENT ESTIMATOR OF EIGENVECTORS CORRESPONDING TO
EXTREME SINGULAR VALUES OF THE MATRIX

Let A\ (AAT) > 2> A\, (AAT) be eigenvalues and ¢ (AAT) ey Pm (AAT) be cor-

responding orthonormal eigenvectors of the matrix AAT, A = (a§?)> and the
4,j=1,...mn

first nonzero component of every eigenvector is positive. Consider G-spectral function

vu (v, AAT,5,7) = i (@ @ (AAT)] (573, (447)] x [ (447) < o],

k=1

where b and ¢ are arbitrary m,-dimensional vectors.
Suppose we have one observation = = (5@) of matrix A+ H, where H is

ij ..
. 7,7=1,...myp
a random matrix.

The G3sg {E, 5, 5} -consistent estimator for the product of the linear forms
él' By (AAT) I_)’Tgb’l (AAT), where & (AAT) is the eigenvector of matrix AAT corre-
sponding to its maximal eigenvalue is equal to

. . 1
Ggréldx) {n, £,0,Z, b,(?] =5 7{ G(C,B,u+iv)d (u+iv),

s (ymax | __
|u+1v G29 |75

where § > 0 is a certain small number,
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B | elspl C 1
G (C,B,u+iv) zi/ ¢ / &'Tm
0 0

+i/B eSP|/0 &'Tm ! -1
0 T J-a 1+n-1Tr [:—I@ (z)+i€)]

X [5 i (é (2) + ig)} 1} Ee—itpdt} e P71y (v < 0) dp,

Similarly, we defined the consistent estimator for the linear form
el G, (AAT) b G (AAT) , where @, (AAT) is the eigenvector of matrix AAT cor-
responding to its minimal eigenvalue:

G:(;ronin) |:n7€767073757575:| = 5 f G(C,B,u+1v)d(u+w)

; min | _
|u-i—w—G29 =0

THEOREM 30.1. [Gir55] Suppose that the conditions of Theorem 29.1 are fulfilled and
&b < ¢ < oo

Then

lim lim lim { max [n,e,5, C,B,E,B,a} — @ (AAT) BT, (AAT)} —0.

C—o00 B—oo n—o00

31. G31-ESTIMATOR OF THE RESOLVENT OF A SYMMETRIC MATRIX

In this section we explain the main ideas of estimation of eigenvalues and eigenvectors of
matrices. The Gs;-estimator of Stieltjes’ transform ¢ (z, A) = n='Tr [A — z1,,] " where
A is a symmetric matrix, z =t +is, s > 0 is by definition the following expression:

G31(2,E) = (é (2), E) =n 'Tr [E —6(2) In] B ,

where Z is an observation of matrix A+H, H is a random matrix, 6 (2) is the measurable
solution of the G351 equation

. . —1
6 (2)+n 'Tr {Efﬁ(z)In} =z,z=1t+1is,5 > 0. (31.1)
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31.1. Canonical equation
THEOREM 31.1. [Girb5] If for every n, the random entries f( )7 1>7;4,5=1,...,n of

7j=1,...,
a symmetric matrix = (f ) are independent, E{“ij = ag-l); Var 51‘;‘ =n1,
i=1,...,n
n

sup max E akj<oo
= gt

PRERLL

the modified Lindeberg’s condition is fulfilled: for a certain T > 0

s S m e (] > ) =0
or

Slrllpi,jlznﬁ,.),{,,nE (5(") )\F‘%—é (31.2)
and |o; (A)] < ¢ < o0; A = ( Z(;L))Z:l:, where a1 (A) < --- < a, (A) are the

eigenvalues of the matrix A, then with probability 1

lim_sup [p, (x) = Fo(2)] = 0, (31.3)

n—oo g

where i, (z) =n"t>"7_, x (Ax () < x) and F,(z) is the distribution function:

Fp(z) = /w pn(y)dy. (31.4)

— 00

Here, the density p(z) is the first component of the real vector-solution {p (x), g(x)}
of the system of canonical equations [Gir84]

=0 Y (o — 2 - g(x)? + 7 (2)] 7Y,

o (315)
=07 S (@ — o — g(@)(of — z - g(2))? + n?pP(2)] "

k=1

There exists a unique solution of a system of equations (31.5) in the class of functions
B={p)gw) + e G ple) >0 0505 [ plojae =1}
for every x for which p(x) > 0. Stieltjes’ transform
b(z) = /(x—z)flp(x)dx, z=t+1is,5 >0

of function p(z) satisfies the equation (see [Pasl])
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b(z)=n""Y far—2z—b(2)] ", (31.6)

k=1

which has the unique solution b(z) in the class of analytic functions:
By ={b(z): Im [b(z)] > 0,Im z > 0} and can be obtained by the method of successive
approximations.

COROLLARY 31.1. [Pasl] If in addition to the conditions of Theorem 31.1 a,(cn) =0,k=
1,...,n, then the component p(x) of the solution of the system of equations (31.5) is
equal to

plx) = (2m) (4 - 2*)2, Ja <2
and this is called the semicircle Wigner Law.
31.2. Equations for boundary points of spectral density

Denote
v =inf{z: p(z) >0}, y2=sup{z: p(z)>0}.
& z

LEMMA 31.1. [Gir84] Assume that the condition

lak| <ec< oo, k=1,...,n

holds. Then

—o0o < <y <72 < e <00,
where

n
-1
’Yi:Vi_n_lz(agn)_l/i) ’ i:1727
k=1

v] = miny;, v2 = maxy;

and y; are the real solutions of L1 equation
n -2
nt Z (a,(cn) — y) =1.
k=1

31.3. Inequality for imaginary parts of resolvent of symmetric random
matrix

THEOREM 31.2. If the conditions of Theorem 31.1 are fulfilled, then for all T > 0, s >
c, €>0

. - - -1
lim sup sup n'ImE Tr (B, — I,,2) <e.
n—oo [t|<T, 0<e<s<S

Proof. Using the equation
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b(z) =n"" ; [ay —z—b(2)] "
k=1
and Theorem 31.1 we arrive to the assertion of Theorem 31.2
31.4. Existence and boundedness of the solutions of the main equation
The Gs;-estimator of Stieltjes’ transform ¢ (z, A) = n~'Tr [A — zI,] " is by definition

the following expression: Gs1 (2,Z) = ¢ (é (z),E) =n Ty {E —0(2) In} , Where

0 (z) is the measurable solution of a main G3;-equation

. R -1
6(z)+n'Tr [E —0(2) In} = 2. (31.7)
Additionally, we will use the non-negative solution 6 (z) of the equation
0(z)+n '"ETr [E—0(2) L] " == (31.8)

THEOREM 31.3. Let s > 1. Then for large n with probability one, there exists the
solution 6 (z) of the equation (31.7) and the solution 6 (z) of the equation (31.8).

Proof. Denote 0 (z) = 0y (z) + i0 (z) . Then equation (31.7) has the form

R . -1
01 (z) + n 'ReTr [E —0(2) In} =t,

R . -1
03 (2) +n 'Tm Tr [E —0(2) In} =s.

Let 0, (2) > ¢ > 0 be a fixed number, where ¢ > 0 is a certain number. Then there
always exists the solution of (31.7). For the second equation we have

03 (2) =5 —n 'ImTr [E—é(z) In}il. (31.9)

But from Theorem 31.2 it follows that for large n, there exists such £ > 0 that

1 R 1
P{0< sup Imer{E—G(z)In} <l4+ep;=1.
n

0<c1<02(z)

Therefore, choosing Imz > 1, we prove that for large n, there exists the solution
05 () > & > 0 of equation (31.9) with probability one. Therefore, for large n, there
exist solutions 6 (z), 05 () > § > 0 of equation (31.7) with probability one.

Analogously we prove that for large n there exists a solution of (31.8).

31.5. Ordered solutions of the main equations

In the general case for large n with probability one there are many solutions of equations
(31.7) and (31.8). We denote them 6; (2),602 (2),... and 0y (2),62(2),... respectively,
where

02 (2)| = |05 (2)] = -+ 100 ()] 2 162 (2)] 2 103 (2) = -+

0, (z)‘ >
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THEOREM 31.4. If the conditions of Theorem 31.1 are fulfilled, then there exists constant
¢ > 0 such that for every s > ¢ and t
—0}p=1.

p { lim ‘él (2) — 61 (2)

n—oo

Proof. From Theorem 31.3 we obtain

1 1 _
—Tr{E— 2L} ' = =ETr {2 —2I,} "
n

P { lim sup
n

N30 11|<T; 0<c1 <s< S

:0}:1.

Therefore, we can change the equation

0(z)+n 'Tr {E —0(2) In} T z

to

0(2)+n 'ETr[E—0(2) L] "' =246,

where €,, — 0 with probability one. Then, denoting
fo@()=nT"ETr [E—0(2) 1] " -2,

we obtain that 0y (2) + fn (61 (2)) = 01 (2) + fn (él (z)) + &, and the function f, (2),

Imz > ¢ > 0 and its every convergent limit are analytic functions on the domain
{z:Imz >c>0}.
Therefore,
P{ lim ‘él (z)—@l(z)’ :o} ~1

and Theorem 31.4 is proved.

31.6. Consistency of estimator G

THEOREM 31.5. If the conditions of Theorem 31.1 are fulfilled, then with probability
one, for every S >0 and T > 0

lim sup ‘Ggl (2) —n 'Tr {4 - zIn}_l‘ =0.
N0 1<Im 2<8, |Re z|<T

Proof. Using Theorem 31.4 we have

p { lim ‘él (2) — 61 (2)

n—oo

:0}:1,

R . . -1
where 0 (2) and 6, () are solutions of the equations 6 (z)+n~1Im Tr [E —0(2) In} =

zand 0 (2) + n 'ETr [E—0(2) I,]”" = 2 respectively. Hence, using Theorem 31.1 we
obtain with probability one
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. ~1
G31(2,2) =n"'mTr |E—0(z2) In}

—

= 'ImTr [E—0(2) L) " +en
_ 1 -1 = -1 -t
nkl{ake(z)n ETr [E - 0(2) L] } ten

n

1 _
= "Tr[A—zL,) " +4,,
n

where P{ lim [|&,] + |en]] = 0} = 1. Theorem 31.5 is proved.

31.7. Analytical continuation of estimator G3;

Thus, under some conditions

lim sup ‘G31 (2) —n~'Tr {A—2I,}""| =0.
N0 1<Im 2<S, |Re z|<T
One needs to know the trace of the resolvent of the covariance matrix for all s > 0.
Since the function n~!Tr {4, — ,zIn}f1 is analytical in z : Imz > 0, we can use
methods of its analytical continuation. For example, we can use the Fourier transform
and consider the following modified G3; estimator:

B glspl € ) _
Gs1 (C,B,u+1iv) = i/ / Im G3 () e”'*Pdt e_”(“_m)dp, v > 0.
0 T J-c

It is easy to prove that the following assertion is valid: if the conditions of Theorem
31.1 are valid then with probability one for every € > 0,5 > ¢ >0

lim lim lim sup |G31(C,B,u+iv) —n 'Tr {A — (u+iv) In}fl‘ =0.

B—00 C—00n—00 v,0<e<u

32. (G33-ESTIMATOR OF EIGENVALUES OF A SYMMETRIC MATRIX

n
Let A1 < --- <\, be eigenvalues of the symmetric random matrix = = ({i(;t)) .
ij=1

THEOREM 32.1 [Gir55] Assume that the entries fi(;), 1>7, 4,7 =1,...,n are indepen-
dent for every n

2
By =al), B[ —al] =nt,

ij ij
for a certain § > 0

844
sup sup E (ﬁl(jn) — a§?)> nl/z‘ < 00,

n  i,j=1,...,n

‘a,(cn) <c<oo, k=1,...,n,
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n
where agn) <. <ol are eigenvalues of the matrix A = (aE?) ;
ij=1

n
max E a2j§c<oo.
k=1,...,n £

Jj=1

Then with probability 1

1).
lim [\ — 7] =0, lim [A, — 2] =0,

n—oo n—oo

where

1 -
%:vﬁfZ(a;”Lvi) Ci=1,2, (32.1)

n
k=1

vy = miny;, v2 = maxy; and y; are the real solutions of the L, equation

k=1
2). For all k such that 0 < ¢; < £ < ¢y <1 with probability 1
lim lim [A\y —infqz: — —e < F(z) p| | A —supqz: F(z) < —+e,|=0. (32.2)
el0 n—oo n n

(see formula (31.4) for function F(z) )
3). If the limits
lim kn~' =y, lim F,(z)=F (z)
n—oo n—0oo
exist for a certain k and if F(x) is an increasing function in some neighborhood of the
point y, then with probability one lim [A\y — F(=Y(y)] = 0, where F(=V(y) is the
n—oo
inverse function.
The G5¥* -consistent estimator for maximal eigenvalues A\ (A) of matrix A is equal
to a maximal measurable solution x of the equation

B [ olspl € , ,
i/ / Im G (2) e *dt 3 e P@E)qp | |
0 T J-c

Here, = is the observation of matrix A+ H, H is a random matrix,

Al(E):x—Re

Gsa (2) =n 'Tr {E —0(2) In] B ,

0 (=) is the measurable solution of the G3y equation

0(z)+n 'Tr [E —6(2) In} T z.

min

Similarly, we defined the G53™ -consistent estimator for the minimal eigenvalue A, (A)
of a matrix A, which is equal to a minimal measurable solution x of the equation
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B [ glspl € _ .
i/ / Im Gy (z) e Pdt p e P@iE)qp |
0 T J-c

THEOREM 32.2. [Gir55] Suppose that the conditions of Theorem 32.1 are fulfilled and

A (BE) =2 —Re

A (A)| <d<oo; M(A)> e (A)+7;, 7>0,k=2,...,n,

- 1 1
lim fnf {1 Ta Ak (A) = Ay (A)]2} -

k=2

and with probability one

1

1 n
L= Re ];2 Do (A) = M (A) 1 i8] Dk (A) = G (2) 58] |~

lim inf lim inf
el0 n—oo

Then

lim lim lim lim [G55*(n,C,B,e) — A1 (A)] =0.

el0 B—oo C—o0 n—00

33. (33-ESTIMATOR OF THE EIGENVECTOR WHICH CORRESPONDS TO EX-
TREME EIGENVALUES OF THE SYMMETRIC MATRIX

Let A1 (A) > -+ > A\, (A) be the eigenvalues and F; (4), -+, @ (A) be the correspond-

n
E;)) and suppose that
i,j=1

the first nonzero component of every eigenvector is positive. Consider the G-spectral
function

ing orthonormal eigenvectors of the symmetric matrix A = (a

v (2. 4.5.8) = 32 [ ()] [ ()] x e (4) <,

where b and ¢ are arbitrary n-dimensional vectors.
n

n
Suppose we have one observation = = <§i(n)) of matrix A = (al@)) +
7 Jig=1 ! /=1
m)\"
(nij )i,j=1.

The Gss {E, 5, 6’} -consistent estimator for the product of the linear forms
3y (A)bT @1 (A), where @; (A) is the eigenvector of matrix A corresponding to its
maximal eigenvalue, is equal to

G5 [ne,6,5,5,¢] = G (C, B, u+iv)d (u+iv),

27
|u+iv7G§f‘2"‘x|:5

where § > 0 is a certain small number,
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G (C,B,u+ iv)

B (glspl € . -1, . _
= i/ ¢ / &' Tm {E -1 {9 (z) + is} } be Pdt 5 e PTIWy (v > 0) dp
0 ™ Jo

B (glspl O . -1, .
+ i/ {e / 'Im {E —1TI [9 (2) + ia] } be_ltpdt} e Py (y < 0) dp,
0

T J-c

G55 is a maximal measurable solution x of the equation

B e‘Sp‘ c . .
i/ / Im G3y (2) e Pdt p e PE=E)dp | |
0 ™ J-c

Gs1(2) =n " 'Tr [E —0(2) In] - 5

A1 (E) =z —Re

and é(z) is the measurable solution of the G31-equation
. . -1
6(z)+n'Tr [E—G(z)]n} = 2.

Similarly, we defined the consistent estimator for linear form &g, (A) b7 G, (4),
where @, (A4) is the eigenvector of matrix A corresponding to its minimal eigenvalue:

G:())I;lin) [n7€1670a375757€j| = 5 % G(C7B7U+1’U)d(u+l’l))

‘u—&-iv—Gg‘Qi" =6

Here G54™ is the consistent estimator for minimal eigenvalues \,, (A) of matrix A which
is equal to a minimal measurable solution x of the equation

B eISP‘ c . .
i/ / Im Gi3; (2) e Pdt p e PE=E)dp |
0 T J-c

THEOREM 33.1. Suppose that the conditions of Theorem 32.1 are fulfilled and

An (BE) =2 —Re

€T6+I_)TESC<OO,

A (A) | <d<oo; M(A) >N (A)+7; 7>0,k=2,...,n, A2(A) < ag,

A2 (A) < ag,

3=

liminf{l— 1 2}>O7
oo =2 Ak (A) = A1 (4)]

and with probability one
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1
1—*RGZ o (A) — 1 (A) + 3] P (A) — G (2) + ie]

n—oo

hml inf lim inf

Then

lim lim lim [Gggax [n,g,a, C,B,Z,b, c} &G (AT (A)} —0.

C—00 B—oo n—oo

The proof of this Theorem is based on the use of the asymptotic expression for the
traces of the resolvents of the matrix =.

34. (G34-ESTIMATOR OF THE V-TRANSFORM

Here we consider the most difficult problem of estimation of eigenvalues and eigenvectors
of matrices, i.e. the case when the matrices are nonsymmetric.

In this section we assume that the expectation of the entries of the random matrices
may not equal zero. Let us consider matrices A, + Z,,, where A, = (aij)ﬁjzl is a
nonrandom complex matrix and Z,, is a random matrix.

THEOREM 34.1. [Gir73, Gir84] (V-Law). Let £ = (/%) j=1,...n be random complex
matrices whose entries fgl) 1 > j are independent for every n, Efi(;b) =0; E |§Z.(;L)|2 =

n~! Ef(n)f(") =pn~!, i # j and for some § > 0
B¢ Vit < e < oo,

and suppose that there exist densities p@) (z,y,u,v) of the random entries \/ﬁReE(m

ij 1y 7
NG Imfm ,

\/ﬁRef Ji \/ﬁlmfj(?), i > j satisfying the condition: for some (3 > 1

11/8

B
sup max // l/ {/pkl (x,y,u,v)dy} dx dudv < oo,
k#l J
or
g 11/8
sup _max // [/ [/pkl (x,y,u, v)dx} dy dudv < oo,
k;rﬁl i

and that there exist the densities p(") (x) of the random entries \/nRE (M) or the densities

)

l(l")( ) of the random entries \/ﬁ\sfg ") satisfying the condition: for some [3; > 1

)

=1,...,n

[l )] <

(’I’L) ﬁl
sup max [pkk (z )] dz < co, or sup max
n k 1 n

sup max Z laij| + |aj|] < oo,
n 6Jj=1,. )
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then
plim |, (2, y) — Fo(x,y)| = 0.

n—oo

Here

n

pn(z,y) =n~" Y " x(Redp < @, Tm Mg (y)),
k=1

are eigenvalues of matrix A, + Z,,, the V-density p,(z,y) = %Fn(x, y) is equal to

palt,s) = ﬁlimalof;o[{‘?—;—k%}m(yﬁ)dy; ift,s¢g M
’ ift,se M’

)

M= {t, st %Tr[(A — I (7 — p0(0,7)))(A — I, (T — p0(0,7)))"] e 1},

and m(y, ) satisfies the canonical equation

() = 2T (U, (04 (7))

(A= L(m — pO(y, 7)(A — L (1 — pfy, 7)))* ]
g e } , (34.1)

1 [>70 0 .0
0y, 1) = 2/y (_at +1as>m(u,7) du.

This canonical equation has a unique solution in the class of analytic real functions
m(y,7), y >0 iny.

+

The V-transform of matrix A is equal to
1 _
bla,7) = —Tr [la+ (A= IT)(A—I7)*] ", 7=t+1is.

n

Using (34.1) we introduce the Gz4-estimator of b(«, 7):
Gy = —————,
3457 5
where 1
m(B,z) = =Tr [I8+ (X — I2)(X — I2)*] ",
n

X is an observation of the matrix A 4+ Z, B and Z are solutions of equations

z—p@(ﬂ,z):T, ﬂ(1+m(ﬁ,z))2:a

35. (G35-ESTIMATORS OF EIGENVALUES OF RANDOM MATRICES
WITH INDEPENDENT PAIRS OF ENTRIES

We call any estimator for eigenvalues of matrix A obtained on the basis of the equation
for the boundary of the G-domain of V-density a Ggs-estimator. Analysing the G-
domain of V-density we see a completely different picture of behavior of eigenvalues of
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random matrices as compared to the results obtained for eigenvalues by the perturbation
formulas. For instance, let matrix A in the V-density be symmetric and its eigenvalues
Q) > ag > -+ >y satisfy inequalities

ay >ag+c, c>0

and

nt Z (a1 —ay) 2 < 1.
k=2

Let A (A 4+ =) be the eigenvalue of the matrix A+E with the maximal absolute value;
then the Ggs-estimator for eigenvalue a; of matrix A is equal to A (A + E) . If matrix
A + Z satisfies the conditions of Theorem 34.1, then

plim[ReA (A4 Z) —aq] =0.
n—oo
In this case the norm of random matrix = does not tend to zero. Nevertheless, the
random errors in the expression Re A (A + E) vanish when the dimension of matrix =
tends to infinity.

36. (G36-ESTIMATOR OF EIGENVECTORS OF MATRICES WITH INDEPENDENT
PAIRS OF ENTRIES

We call any estimator for eigenvectors of matrix A obtained with the help the equations
for the boundary of the G-domain and for V-density a G4 -estimator. Again, analysing
the G-domain of V-density we can see another picture of behavior of eigenvectors of
random matrices with a comparison of results obtained by the perturbation formulas.
Let us assume as above the matrix A in the V-density is symmetric and its eigenvalues
Q1 > ag > -+ >« satisfy inequalities

ap >oaz+c, ¢c>0

and

n
nt Z (ar —ap) 2 < 1.
k=2

Let G (A + E) be the eigenvector corresponding to the eigenvalue A (A + Z) of matrix
A + = with the maximal absolute value. Then the Gsg-estimator of eigenvalue @ (A)
corresponding to the eigenvalue a; of matrix A is equal to J(A + =) . If matrix A+ =
satisfies the conditions of Theorem 34.1, then

plim [Re @ (A +E) — 3 (A)] =0

The norm of random matrix = does not tend to zero, but the random errors in
Re A (A + =) vanish when the dimension of matrix = tends to infinity. The proof of this
result is based on the following formula

Gss = j{ b [A—ul, +E—zI,]) ' édz=b" [A—ul] ' T+e,,

|z+u—A(A+E)|=6
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where 6 > 0 is a certain number.

37. G37-ESTIMATOR OF THE U-STATISTIC

One of the most important problems of the theory of probability and mathematical
statistics is the investigation of asymptotic behavior of U-statistics. It confirms the fact
that such U-statistics can be used for estimation of functionals of the integral type.
There are several directions of investigation of U-statistics. The best known is the
so-called Hoeffding’s representation. The idea here is to represent U-statistics based
on independent observations as the sum of independent random variables and some
remainder. The main problem in Hoeffding’s method is in the proof that this remainder
after certain normalization converges to zero in probability. There are many books
and articles dedicated to Hoeffding’s method. The second direction is the martingale
representation of U-statistics[Girb5]. This representation is more useful and allows us to
prove limit theorems for U-statistics in the general case when observations are dependent
and may have unbounded moments. Note that these two methods were developed for U-
statistics. The third direction is based on the main ideas of general statistical analysis.
Namely, we consider the problem of estimating the functionals of integral type under
G-condition. In this case, standard U-statistics may have undesirable properties. They
are unbiased, but variances of such statistics are very large. Therefore, we will try
to find new G-estimators of U-statistics. Consider the functional of the distribution
function F(z)

J:/m/f(mkljldF(uk)’ ﬁZ{Ul,'--,umn}TeRm”,

and suppose that a sequence of independent observations z1, - - -, z,, of a random variable
with the distribution function F(x) is given. We use the well-known U-statistics of
functional J :

g, — M —m)! S flmanm,,),

i< <imp, }

where {i; < -+ <, } is the sample of numbers from numbers 1,---,n and this sum
is taken over all such samples. U-statistics is unbiased and for fixed m is consis-
tent. But under the G-condition, such statistics in general is not consistent. Let
f (%, @i, ) = c>0. Denote

Vo= Z f(xila"'vximn)a

i< <imy }

Vn i Ek—IVn - Ek—IVn - EkVn -
EV, g E.V, kl:[l{ TR, } kgl{ okk,

where

5 — Ekflvn - EkVn
k= Ekvn 3

E ; is the conditional expectation with respect to the fixed random variables

Thyl, 5 T
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It is evident that the random variables dx, k =1,...,n form martingale differences.
Then, using the central limit theorem for the sum of martingale differences, we get
THEOREM 37.1. [Gir55, p. 173-176] If

n
plimZEkéi =a, a <00

and for a certain € > 0

lim » "E [6:[*° =0,
k=1

2
nli—{goP{EV{;n <z} :P{exp {ar]— C;} <z},

where 1) is the random variable distributed by the standard Normal law N (0,1) .

then

Consider G-statistics G,, = bU,,, where b is a certain number and suppose that for a
certain p > 0
E |U.]"*" < ¢ < 0.

Then by Theorem 37.1 we get
2 2 [12, 0% 2
E [G,—J]? = (J) [b e —2b+1} +o(l).

. D . g2 . g2
This expression is minimal if b = e~% . Therefore, for G-estimator G,, = e~ * U,, we
have

E (G, — J)* = (J)? [1 - e*ﬂ Yo(l),

and for U-statistics we obtain
E [U, - J* = (J) [ea2 - 1] Fo(l).

It is obvious that for large m the G-statistic is much better that the standard U-
statistic.

38. (G33-ESTIMATORS OF SYMMETRIC FUNCTIONS OF EIGENVALUES
OF COVARIANCE MATRICES

The symmetric functions

Z Ay Ny

11 <-- <1y

of eigenvalues Ay of empirical covariance matrices R,,, , where the sum is over all permu-
tations 47 < --- < 4; of the set 1,2,---,m, give vise to a very complicated expression.
Almost all test statistics, proposed so far, for the commonly encountered hypothe-
sis in multivariate normal theory, visual test of equality of two covariance matrices,
MANOVA, and canonical correlation, are of this type. Such functions of fixed order
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can be calculated on a computer without much difficulty, but for the calculation of
symmetric functions of large order, much computer time is needed. Thus, new formulas
for symmetric functions, which simplify their calculation, are of great interest.

38.1. Random determinant representation for symmetric function

LEMMA 38.1. [Gir71]

Sei= Y Ay di, = Edet [EpumEin,,) (B)7
1< <ig
where
Ekxm = (aijgijﬂill::::;na aij = \/\j
and &;; are independent random variables with E&;; = 0, ngj =1.
Proof. It can be shown that

E det [Ekangm] = Z det [bij (li)}f’j:p

Iy, le=1

where bi; (i) = aa, S, a50, &1, -
Using this equality we get

m
E det [Ekaggxm] = Z E Z + [b1i1 (l'Ll) XX bkik (lk)]
l1,lg=1  <iy,...,i>
m
— Z E det [fil,igjliailiajli]ijzl
L #lp=1
m
— Z det [E Eil,igjliailia‘jli]']zj:1
l1# - #lp=1

m

= Y det[dyad]l =) D0 Ay,
l1# - #lp=1 <<y

Lemma 38.1 is proved.

In this section the method of the random determinant, the invariance principle for
symmetric functions of eigenvalues of empirical covariance matrices of large order, and
limit theorems for eigenvalues of random matrices are used [Girl, Gir2, Girb4, Gir71,
Gir 84].

THEOREM 38.1 [Gir71, Gir84] Let ay < --- < ay,,, be the eigenvalues of a covariance
matrix R,,, such that

inf min «@; >0, sup max «a; <00
n

n i=1,....myn i=1,...,my,
and A\; < --- <\, be the eigenvalues of the empirical covariance matrix R,,,,

limsupmy,n=t =7, 0<vy <1, limsupk,n ' =0, 0<f<1.

n—oo n—oo
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Then

1 Inkp,! kn
lim |—In > AN — " Inm,
plim m n . + m m nm

Tk
n—oo . .
11 <<%y,

A
—|—AliHmoo </0 fn (oz)doz—lnA)

where non-negative function f, («) satisfies the equation

:O7

fula) = [a s [Tt apa) <x>} T aso,

tin () is the normalized spectral function of matrix R,,, .

Using Theorem 38.1 and the estimator G5 of the trace of the real resolvent of the
. . (A) s . .
covariance matrix we can find a G5 -estimator of symmetric function

1
Elnl Z' Nir(Rim) -+ Niy, (Rin)
11 <<k,

of eigenvalues of covariance matrix:

Inky,! kn

Inm,,,

A
A
Gg8>:/0 gn(@)da—Ina+ — -

where g, () is the solution of the equation

i@ = {o+ 1G]}

39. G39-ESTIMATOR, OF SYMMETRIC FUNCTION OF EIGENVALUES OF GRAM
RANDOM MATRIX

Using the proof of Theorem 38.1 we can find similar estimators of symmetric functions
of eigenvalues of Gram matrices. The spectral theory of random Gram matrices is well
developed in Chapter 2. Therefore, repeating the calculations of the estimator Gsg we
find the class of estimators G39 of symmetric functions of eigenvalues of different classes
of Gram matrices.

40. G40 -ESTIMATOR OF PERMANENT OF MATRIX
40.1. The method of random determinants

In contrast to the determinant of a matrix, its permanent is a rather complicated
function of the matrix. While a determinant can be calculated on computers without
any complications, the calculation of permanents for matrices of order equal to several
dozens, using even the most powerful computers, would take hundreds of millennia.
Therefore, any formulas for permanents that enable one to simplify the computation are
of great interest. In this section the simple analytic relationship of the permanent with
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the determinant is used ([Girl], [Gir2], [Gir5], [Gir12], [Girl9], [Gir54], [GirTl], [Gir76],
[Gir84]). It gives us the possibility to find the limit values of the permanents, when
their orders tend to infinity. The so-called invariance principle for double stochastic
matrices has been proved.

The permanent of an n X n matrix A with entries a;; is defined by

perd = E Q14y A2ig - - - Oniy, 5

<Upyeenyin >

where the sum is over all permutations < i1,...,4, > of (1,2,...,n). The permanent
appears in a number of fields, including algebra, combinatorial enumeration and physical
sciences, and has been an object of research since its first appearance in 1812 in the
work of Cauchy and Binet.
It was shown by the author in [Girl], [Gir2], [Gir5], [Girl2], [Girl9], [Girb4], [Gir71],
[Gir76], [Gir84] that
per A = B det[y/a &,

or
perA = Edet[a;;&;;] det[&;;],

where &;;, 1,7 = 1,2,... are independent random variables, E&;; = 0, E§i2j =1, and
where by the square root of a complex number we mean its principal value. Therefore,
using the Monte Carlo method for statistical estimators of the permanent, we can use
the following formula

s 1S k)12
GY = 3 > det [Vaiiel ],
k=1
where 514(]’?), 1,7,k =1,2,... are independent variables, Eggf) =0, Ef?j =1 and s is any

positive integer.
It is easy to see that

E|G51‘B) — perA|* = 571E|det [, /aijﬁg)] - perA|2.
Therefore, for any € > 0, Chebyshev’s inequality shows that
P {|ng)) — perd| < 5} >1—-s1e?E |det [1 /aijﬁg)] - perA|2.

It is easy to see that with the help of pseudo-random variables and any suitable computer
we can find a consistent estimate of a permanent very quickly and without any analytical
problems.

41. METHOD OF RANDOM DETERMINANTS. CLASS
(G41-ESTIMATES OF THE PERMANENT OF A MATRIX

In this part we will not use the random simulation for estimating permanents of a
matrix. Instead of simulation we shall find some approximate formulas for the expecta-
tion of a random determinant. These formulas will allow us to avoid very cumbersome
calculations of the permanent of a matrix on a computer. We call this procedure the
random determinants method. Here, instead of a nonrandom function of certain vari-
ables, we consider expectations of a multidimensional function of random variables, and
then, after getting approximate formulas, we simplify this expression.
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For convenience sake, we assume that random variables §;; have a standard Normal
distribution N(0,1).

THEOREM 41.1. [Gir71] If

inf min a;; >0, sup max a; < oo, (41.1)
n ig=l,..,n o ig=l,..n

then the G4;-estimate of n~" InperA is equal to Inn— [ <n1 Srei ck(a)—aty(a >

1)) da and

lim [n_l InperA —Ilnn —|—/ (n_l ch(a) —a ty(a > 1)) da] =0, (41.2)
0 k=1

n—00

or
A n
lim {nl InperA —Ilnn + lim [/ (nl Z ck(a)> da —In A} } =0,
n— oo A—oo 0
k=1
where positive real functions c;(a); j =1,...,n satisfy the system of equations

-1

n n -1
ck(a) = [04 + Zn_lakl (1 + Zn‘lajlcj(a)> } ;a>0; k=1,...,n. (41.3)
=1 j=1

This equation has a unique solution in the class L of positive real analytic functions
¢;j(a) for oo > 0.

THEOREM 41.2. If the condition (41.1) is fulfilled, then the G4;-estimate of

n~'Inperd is equal to Inn + [;° (n‘l Y opeq pr(z) | Inzdz and

lim [nl InperA —Inn — / <n1 Zpk(a:)) lnxdz] =0, (41.4)
n— 00 0 Pt

where pi(x) are distribution densities whose Stieltjes transforms

cin(2) = /Ooo(z —2) 'pp(z)de, z=t+is, s#£0 (41.5)

satisfy the system of equations

-1

n n -1
ckn(z) = [Z n " tay (1 + Zn‘laplcpn(z)) — z} yk=1,...,n (41.6)
=1 p=1

which has a unique solution in the class of analytic functions: Imc;,(z) > 0;Im z > 0.
The functions pi(z); k=1,...,n are imaginary parts of solutions m;(z) of the system
of equations

-1

n n -1
mg(x) = [—x + anlakl <1 + anajlmj(x)) } ;x>0 k=1,...,n (41.7)
=1 j=1
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where m;(z) = g;(x) + imp;(z). The system of equations (41.7) has a unique solution
in the class of functions {gx(z); pr(xz) >0; x> 0; k=1,...,n}.
42. G45-ESTIMATOR OF A PRODUCT OF MATRICES

One of the most important problems of applied mathematics is investigation of the
asymptotic behavior of distribution of the product of random matrices

n
k
|
k=1
where Xr(,]:im = Agf)xm ES:)Xm are independent observations, where Agf)xm are un-
known deterministic matrices and Eg;)xm, k=1,...,n are certain independent random

matrices. Such product of random matrices can be used for estimation of the solution
of the system of differential equations with random coefficients. We mention several
directions of investigation of distribution of the product of random matrices. The best
known method applies to the case when matrices belong to a compact group. A sec-
ond direction was developed for investigating matrices that belong to a certain locally
compact group. And a third direction is connected with limit theorems for the product
of random matrices in the scheme of series, when every matrix converges on proba-
bility to a nonrandom matrix when the number increases. In Girko’s article [Gir21],
the martingale representation of the product of random matrices was considered and
a limit theorem was proved. This representation allows us to prove limit theorems for
the product of random matrices in the general case when observations are dependent
and may have unbounded moments. Consider the simplest functional of the product of
random matrices:

v, - {ngf;m} |
k=1 pl

where Xf,]f im = Ag,’f)xm Eg:)xm are independent observations, matrices Ag&m are
unknown and Eg&m, kE=1,...,n are certain independent random matrices such that
Es,}j)xm ={0},,4m> £k =1,...,n and p and [ any fixed number of entries of matrix
n
k
[T Xpkom
k=1
A%
Let < TT 4pm ¢ # 0. Denote
k=1 pl
Vn ﬁ Ek:—lvn ﬁ { Ek—lvn_Ek:Vn} e
= = 1+ =] {1 +6},
EV, P E.V, Pt E.V, Pl
where
5 — Ek,1Vn - EkVn
k E kVn ’
with E ; being the conditional expectation with respect to the fixed random matrices
Xkt1,-+,Xp. It is evident that random variables 6, k = 1,...,n form martingale

differences. Then, using the central limit theorem for the sum of martingale differences
we get
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THEOREM 42.1. If

n
. 2
plim Y Epdi =a, a < oo
plim ) E1df =o.
and for a certain € > 0

lim » "E [6:[*° =0,

n—oo

k=1

. Vi a?
nlLHgOP{EVn <z} —P{exp {an— 2} <z},

where 1 is the random variable distributed by the standard Normal law N (0,1).

then

mXxXm

Consider Gyo-statistic G,, = b {szl x ) } . where b is a certain number, and
p
suppose that for a certain p > 0

E |V,[*" < ¢ < .
Then by Theorem 42.1 we get
2
E[G, — J]* = (J)? [b%‘f b4 1} to(1),
where
n "
J = {H Aanm}
k=1
This expression will be minimal if b = e, Therefore, for G-estimator G4 =
b {HZ:1 Xf,lfim} | we have
P

E [Gi — J> = (J)° [1 . e*ﬂ Fo(1),

pl

and for the standard estimator we obtain
2

E = (I [ = 1] +01).

k=1

It is obvious that for large a, the G4o-statistics is much better than the standard
statistics.

43. (G43-ESTIMATOR OF PRODUCT OF MATRICES IN THE SCHEME OF SERIES

Consider the product of random matrices in the scheme of series

: )
kl;[l [Imn + an},

where
XF) = AR 4 =(k)

n
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are independent observations, Agfi are unknown nonrandom matrices and ES,’fl, k=
1,...,n are certain independent random matrices.
Consider the simplest functional of the product of random matrices:
n
‘/n - {H |:Imn +X?(7’IL€2:|} )
k=1 pl
where EE%BL ={0},,., k=1,...,n and p and [ any fixed number of entries of the
matrix []}_, {Imn + Xﬁf}b .
Let
n
{H L, + X0 } £0
k=1 pl
Denote

where

_ Ek—lvn - EkVn
E kVn ’
E ;, is the conditional expectation with respect to the fixed random matrices
(k+1) (n)
an a"'aan'
It is evident that random variables d,, & = 1,...,n form martingale differences.
Then, using the central limit theorem for the sum of martingale differences we get, as

n
. . . . k —a?
in previous section, for G-statistics G4z = b{ 11 an)xm} , where b =e7% , a is a
k=1 1
P

Ok

certain number and

E (G — J = (J)° [1 - e*ﬂ +o(1)
We obtain for the standard estimator

2
= (J)? [eaz - 1] +0(1).

n

k=1

E

It is obvious that for large a, the G43-statistic is much better than the standard
statistics V,, = {HZ:1 [Imn + Xf,’fz}} l
p

44. CLASS OF (G44-ESTIMATORS OF SOLUTIONS OF THE SYSTEM OF LINEAR
DIFFERENTIAL EQUATIONS WITH COVARIANCE MATRIX OF
COEFFICIENTS

In this section we consider a system of linear differential equations with random coeffi-
cients

=ZF(t), 0<t<T, #(0)=2¢ (44.1)
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where =2 = (51-]-)?7].:1 is a random symmetric real matrix of the order n, 7T (t) =
{z1(t), -+, 2z, (t)} and the dimension of such a system is large and every random coeffi-
cient tends to a certain constant in probability when the dimension of this system tends
to infinity, i.e., no single coefficient is influential enough to dominate the system as a
whole. The self-averaging of the solutions of a system of linear differential equations
with random coefficients means that the vector-solution Z(¢) converges to the solution
of a certain nonrandom equation when the dimension of system (44.1) tends to infinity.
It is well known that the solution of system (44.1) is equal to

Z(t)=exp{tE}c 0<t<T.

The need to solve such systems arises in different problems of calculus, differential
and integral equations, experimental design, etc.

Unfortunately, in practical problems, it is very difficult to find the distribution func-
tions of random coefficients &;; of such systems. For this reason, we have developed
a new method of analysis in which these coefficients &;; have an arbitrary distribution
function. It is natural in this case to use the methods of General Statistical Analysis.

44.1 Formulation of the problem under the conditions of general statistical
analysis

The system

o,
8

D _ {n‘liXi}f(t), 0<t<T
k=1

with random coefficients arises when, instead of a matrix of coefficients =, we have n
dg(t) _
dt

f (7 (t)) by a system of linear differential equations, we arrive at a system of large
dimension. This example clearly shows that we must solve this problem within the
framework of general statistical analysis because both parameters, number of observa-
tions, and the number of interval partitions for integration and differentiation tend to
infinity. Besides, we cannot choose these two parameters arbitrarily large, because the
growth of the first parameter leads to large computer time. The growth of the second
parameter leads to large losses in energy and material resources, and sometimes it is
not possible to increase these parameters. Suppose that the following system is given:

observations X; of random matrices =. Moreover, replacing a nonlinear system

d (1)

G =BT, 0<t<T, (0) =4 (44.2)

where R,, is a covariance matrix. The problem is to find a G-estimator of the expression
bTZ (t) = bT exp {tR,} & 0 <t <T, when the empirical covariance matrix R, is given,

and bis a n—d_}mensmnzil vector. Using estimators Go and G5 we find the G44-estimator
of the value bT% (t) = bl exp {tR,} ¢ 0<t<T:

G = (2mi) "D 7{ exp (tz)
|z|=8

where the integral is taken around the unit circle, § > GL*, and  (z) is the measurable
solution of the equation
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0(2) %Tr { B, - é(z)]mn}_l ~(1-22) 4 ) _

n z

THEOREM 44.1. Suppose Z1,---,Z, are the sample of independent observations of a
random vector,

T =RY%G+d E& =0, EGE = Ly, & ={ni=1,..my, },

random variables &;;, are independent and for some 3 > 0

E [&;v/n]*" < ¢ < o0,

Ai(Rp,) <c<oo, i=1,..,my,

liminf m,n~! > 0, limsupm,n " < 0o

n—oo n— oo

b+ dle <c< oo,
then with probability one for every t > 0 and T > 0

lim {G44 — gTeXp (tR,) E'} =0, 0<t<T.

n—oo

45. CLASS OF (G45-ESTIMATORS OF SOLUTIONS OF THE SYSTEM OF LINEAR
DIFFERENTIAL EQUATIONS WITH NON-NEGATIVE DEFINED MATRIX
OF COEFFICIENTS

Similarly we can find an estimator for the case when the matrix of the coefficients of
system (44.1) is AAT | where A is a certain nonrandom matrix.
Suppose that

=AATE(t), 0<t<T, Z(0)=¢,

where A is a triangular matrix and the problem is to find the G-estimator of the
expression bl 7 (t) = b7 exp {tAAT} ¢, 0 <t <T, when observation = of matrix A+ H
is given, and b is an n-dimensional vector. Using estimators Gy and Gag we find the
G45-estimator of the value I;T;E’(t) =7 exp {tAAT} ¢, 0<t<T:

Gas = (2mi) ' b f exp (tz) ¢ <é (2) ,EET) [1 + v (é (2), EETM 715’dz,
|2|=5

where ¢ (2, AAT) = m; Tr [AAT — z1,,,] 7", 6 > G3™, and 0 (2) is the measurable
solution of the equation
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_é(Z){l—l—lTr [EET é( ) mn}1}2

+ (1 - 7) {1+ STy [“”T é(z)Imn}_l} — 2

= is an observation of the matrix A + H, H is a certain random matrix.

THEOREM 45.1. If, for every n, the entries 5” si=1,...,mp; j=1,...,n of random
matrix = are independent, E 55;-0 = agy), Var 52” =n"!; for a certain § > 0
n
(n) _ (n)
E‘(g \f| <c < o0, Z.r{l,ax Zlalj<02<oo
J
0 < liminf 72 < limsup 2 < 1,
n—oo n n—00 n
b'b+dE< ¢ < oo,
then with probability one for every t > 0
lim {G45 — l_)TeXp (tAAT) E’} =0, 0<t<T.

n— oo

46. G46-ESTIMATOR FOR SOLUTION OF THE SYSTEM OF LINEAR DIFFEREN-
TIAL EQUATIONS WITH SYMMETRICAL MATRIX OF COEFFICIENTS

Suppose that as before

dZ (¢)
dt
where A, is a symmetric matrix and the problem is to find the G-estimator of the
expression bl (t) = b7 exp {tA} ¢, 0<t<T,when observation matrix X,, = A, +Z,
is given, and b is an n-dimensional vector. Using estimators G3; and Gso we find the
Gyg-estimator of the value bT_'( ) = i exp{td,}¢ 0<t<T:

= AnT(t), 0<t<T, Z(0)=¢ (46.1)

G = (2mi) b ]( exp (t2) [Xn 9 (z)] “edz,

|2]=5

where § > G2, 0 (z) is the measurable solution of the Gy equation

0(z)+n"'Tr [E —0(2) In} T z.

THEOREM 46.1. If, for every n, random entries flj ,4>7,1,5=1,...,n are such that
(gg”) =n"1, for some ¢ >0
n
E|[&;vn|* T < ¢ < o0,  max aj; < ¢ < oo, b b+ &7 < ¢ < o0,

=1,.

then with probability one for every t > 0

lim {G46 — 5Texp (tAy) E} =0, 0<t<T.

n—oo
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47. G47-ESTIMATOR FOR SOLUTION OF THE SYSTEM OF LINEAR
DIFFERENTIAL EQUATIONS

In ths section we consider an arbitrary matrix of coefficients of system (44.1). As in
the previous two sections we use the Cauchy integral formula

£ (a) = (2mi)") fff (2) (2 —a) " dz, (47.1)
T

ST @) =) @) 0 s =12
T

where f(z) is an analytic function, a is inside a circle I', which is positively oriented,
and the integral is taken around the unit circle.

47.1. Vi-Transform of the solution of the system of linear differential equa-
tions

Denote R = (2 — zI) " . Using formula (44.1) for the solution of the system of equation

Az (t
T _=p4), #0)=c 0<t<T
dt
we have
alz(t) = a’ exp {t2} &= — (2mi) " % @ R (z)Edz, (47.2)

r

where G is a positively oriented circle containing all eigenvalues of matrix X, a’ =
{a1,---,a,} is an arbitrary vector.
Using the integral representation for solutions of SLAE (see [Gir84]) we prove

LEMMA 47.1. (V;-Transform of the solution of the system of linear differential equations)

. 19 [, _ o .
a'i(t) = i E% o %et {lndet {(: —zl+~ai") (E— 2l +~ea") + al}
T
—ilndet (2 - 2 +iyda’) (E— 2L +ived”) +al|}  de (47.3)
y=

47.2. Vo-Transform of the solution of the system of linear differential equa-
tions

Using (47.3) and the integral representation for solutions of SLAE (see [Gir84]) we get

LEMMA 47.2. (Va-Transform of the solution of the system of linear differential equations)

alz(t)=a" exp{t=} &= (2mi) " f a’ (21 —2)7 ' Edz

X r ) (47.4)
T —1 tzi . 1 ]
- 10%(%) fe 2/Q (%Tr @ (y,7) —1Q (,17)], - dy dz,
N
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where
) —1
Q(yﬁ)Z{yH(E—szLyEaT) (E—Zf-l-’yé'c_iT) } ’
47.3. V3-Transform of the solution of the system of linear differential

equations

When random entries of a matrix have different variances, we will use the differential
representation for solutions of SLAE (see Chapter 6).

LEMMA 47.3. (Vs-Transform of the solution of the system of linear differential equa-
tions). If @@’ > ¢ > 0, then

alz(t) = al exp {tZ} ¢

= lim (27i) " f{ ot

al0 oy
r

@G (a,y)a] . [@7G (a,iv)d
267G (a,00@  2a7G (a,0)

Sl
| I

where

% -1
G(a,v) = {od+ (2 — 21 +~aca") (E—zI+75’EL’T)}

We call the expression

1

4ri
r

T .0 . .
A Vi (t) = e 7 {lndet @ (o, ) —ilndet @ (e, iv)}, o dz

a linear form of the V;-regularized solution of the system of linear differential equations,
and
@V )= § {5 [ AT Q) Q)] g dy b
4ri 2/, Oy ’ =0

a linear form of the V-regularized solution of the system of linear differential equations

and
T o L% ) 0 ]
a Vi (t) = 5 Pe 9 Odz
=

r
a linear form of the V3-regularized solution of the system of linear differential equations,
where o > 0.

S

[@"G (a,y)a] [a7G (a,iv)
437G (a,0)d | 4@7G (a,0)

ST

47.4. Limit theorem for singular values of random complex matrices
It follows from [Gir84]

THEOREM 47.1. [Gir84] Let E be a random complex matrix of the size n x n, whose
entries ff;); i=1,...,n; j=1,...,n are independent for every n and are defined on

common probability space,

E

(1]

j=1,...,n n n).
=A= (aij)] n Efgip) = a;(gp),

i=1,...,
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-1

‘gkp —akp zn s k=1,...n; p=1,...n,
for a certain § > 0
4+5
sup max E (gf;‘) ) f‘
no oy

n
sup max E {|akj|2—|—|ajk\2]<oo,
n k=1,...n*% 1

]:

W (AA%) < ¢ < 0,

2
- L
ﬁN:maX Uill_n 1ZM] 3
Vi — — Ui

k=1
and v; are the real solutions of the Ly equation
P R D o S
k=1

(o — vy) i (g — Ui)27

where

ay (AA") < - <, (AAY)
are the singular values of matrix A.
Then with probability one

lim [>\max (EE*) - 6N} =0; ﬁN < e < oo,

where c is a certain constant.

Thus, we see that in the most interesting case for random matrices the absolute
values of their eigenvalues are bounded in probability. This result allows us to use limit
theorems for the solutions of the system of linear differential equations with random
coefficients.

47.5. Limit theorem for V-transforms of the solution of the system of linear
differential equations

THEOREM 47.2. If, 111 addition to the conditions of Theorem 47.1, '@ > ¢ > 0, and
limsup,, [a a+c ] < 00, then with probability one

tz
- e
limlimsup sup |@’e=b+ j{ -
al0 nooo 0<t<T 4mi
I:|z|2>8N

x% {Indet @ (@, ) —ilndet Q (e, iv)},_odz| = 0,
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. etz
limlimsup sup |a’e'=b+ f

al0 nooo 0<t<T 4mi
I:|z|*> 6N
/ —Tr ) —1Q (y,17)],—o dz| = 0,
. etz
limlimsup sup |a@’e!=b— j{ .
ald nooco 0<t<T 4mi
I:|z|2>6N
o [é’TG (a,7) EL’] ) [EL’TG (o, i) (‘1’]
X — — —1 — dz| =0,
oy | da'G(a,0)d a’G (a,0)d .
y=

where

Q(y,~) = {y1+ (E - zI+'yl;dT) (E - z1+755T)*}_1,
-1
G (a,7) = {aI+ (2 — 21 +~eah)” (E—z[—kvé’c’iT)} .

Consider G-estimator: Gy7 (t) = @l exp{tX,} ¢ X, = A, + Z,. From [Gir84] it
follows

THEOREM 47.3. Let the random entries §U ,t,7 = 1,...,n of real matrix Z be inde-
pendent for every n,

5(") 0, Varffjﬂ) =n"t, @d>c>0,

where c¢ is some constant,

stllp”r_nax _ [ +|cj}+Z[ } < o0,
Jj=1
and let Lindeberg’s condition be fulfilled: for every T > 0
2
i e | 6] 1 e | > )

(n)

+§E[g§;‘>r><{ >T}]:0,

where x is the indicator of a random event. Then for any t > 0

plim [Ga7 (t) — @" exp {tA} ] =

n— oo
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48. (G48-ESTIMATOR FOR SOLUTION OF THE SYSTEM OF LINEAR DIFFEREN-
TIAL EQUATIONS WHEN COEFFICIENTS HAVE ARBITRARY VARIANCES

Suppose that

dz (t)

At
where A,, is a square matrix, and the problem is to find the G-estimator of the expression
bT7 (t) = b7 exp {tA} & 0 <t < T when observation of matrix X = A+ Z is given and
b is an n-dimensional vector. Let the entries of matrix = satisfy the following conditions:
&j, > 7, 1,5 =1,...,n are independent for every n,

E&;=0, E¢i=n"", E&&i=pm ', i#J.

=A,Z(t), 0<t<T, #(0) =¢, (48.1)

Using estimators G4 we find the Gyg-estimator of value b7 Z (t) = b7 exp {tAn} & 0 <
t<T;

T — T .\
Gus = L j{ etz{a{bq Gaa(a, )¢ _iqu34(a717)C}} d,
2m‘ ! O [4bT G4(, 0)@ 40T G34(ar,0)E) ) =0

where )
Gaa(a,y) = {Ia+ (2 — 2l + 4T (E - Iz —yd")} ",

and 6 > G, 6 (z) is the measurable solution of the equation

0(z) +n " Tr [E —0(z) In} T z.
and
5T5+ Aé<e< oo
then with probability one for every ¢ > 0
lim {G48 —b" exp (tA,) 5} =0.

n—oo

49. G49-ESTIMATOR FOR SOLUTION OF THE SYSTEM OF LINEAR DIFFEREN-
TIAL EQUATIONS WITH SYMMETRIC BLOCK STRUCTURE

Suppose that

dz (¢)
dt
where A, is a symmetric matrix and the problem is to find the G-estimator of the
expression b7 7 (t) = bT exp {tA} &, 0 <t < T, when observation of matrix X = A +
is given, b is an n-dimensional vector and the blocks of the matrix = are independent.
Using estimators Gg we find the Gys-estimator of value b7 (t) = b7 exp {tA,} & 0 <
t<T:

= A,E(t), 0<t<T, £(0)=G¢ (49.1)

Gao=0b j{ exp (tz) [Xn —0 (z)} _1E'dz,

|z|=6
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where 6 > G858, Apgxpg = (A,(;;)): , A,(CZ) = A,(CZ)T and A,(CZ); k>s, k,s=1,..,p
,5=1

are blocks of the dimension ¢, and let T, b be vectors.
T ~ . —17
d* Gs = —Re [Xpgxpg + C () +iel,]” b,
. . g = =) \?
where Xp,qxpq is an observation of matrix Zpqxpg + Apgxpqr Spgxpg = | Eps X ,
,s=1

Eg;) = EI(CZ)T and E,(CZ); k > s, k.s = 1,...,p are independent random blocks of the
P

dimension ¢, Cpgxpq (€) = (5ijC](?) (s)) and the matrix-blocks Cg; (¢) satisfy in
ij=1
the point z = ic the canonical equation

p
.. _ =(n) =(n)T
CJ] (6) b sz:;\_‘js st e ‘Qz[ququ+Cpqqu(5)+i‘5]n]71 .

It is proven in [Gir84] | that under certain conditions, for every v > 0

lim lim P{‘JT (ég—fs)’ >7} —0.

e|l0 n—oo

50. G50-CONSISTENT ESTIMATOR FOR SOLUTION OF LINEAR
PROGRAMMING PROBLEM (LPP)

This section is devoted to the main G-estimator for the solutions of the LPP. Consider
a standard deterministic LPP:

max cr'z.

#:AZ<b, >0, ZeR"
In some applied problems, the vectors ¢ and b are known, but matrix a is unknown, but

sample observations are available.
We will formulate the LPP as follows: find

inf &A1 (5+ ﬁ) — @t (5+ ﬁ)
ueM

where
M= {ﬁ: HA—l (5+ a‘)

‘ <1; A1 (5+ﬁ) >O},
when instead of a square unknown symmetric matrix A = (a;;) of order n we have the

observation of a random symmetric matrix = = (&;;) , whose entries {i(;l), 1>7, 1,j =
1,...,n are independent for every n,

ng;?) =\ Varfi(f) =™ >4, 4,5=1,..,n,

j iJ

n
sup max g 0, < oo.
n i=1,...,n 4 J

Jj=1

In the general case, the system of equations =& = b+ for the fixed vector @ does not
have any solutions, or has an uncountable number of solutions. We choose an estimator
of the solution of this system in the regularized form:
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70 = Re fiel + Y + 5,7 (F+7),

where Y,, = {7:0;;, 4,7 =1,...,n} is the diagonal matrix of order n, v1,72,..., 7 are
the real solutions of the system of equations

ei{Yn} =0, i=1,...,n

where

ei{tay =7 —Re Y o {(Va+icli+Z)7"} .

€ # 0 is a real parameter. Let us introduce the G5g-estimator :

Gso (e.n) = inf & Re [iel, +Y, + ] (6 + ﬁ) :

L:{ﬂ': u < 0;

‘Re fieln + Yo + 2] (5+ @)

‘ <1;
Re [iel, + Y + )" (5+ a) > o}
of the expression ¢l A~1 (5+ ﬁ*) . Using the proof of Theorem 8.1 from Chapter 7
[Gir84] we get
THEOREM 50.1. Let
sup
n v

max Zl{|aij+a£;”+|cj|+bj|}<oo,
]:

=1,...,n 4

lim lim Z {laij| + |ej| + |bj|} < o0,
j=N

N —o00 n—00

and let Lindeberg’s condition hold : for every T > 0

n 2
lim max E {Sgl) - a(fl)] X{
1

(n) (n)
i Sy — iy

>T}:O,

n
(n)y—2
s%pi:nll’z‘%')'i}nzlaij )\j <1,
=

where A\ > -+ > \,, are eigenvalues of the matrix A, and
inf [A,| > 0.
n
Then

lim p lim [Gso (g,n) =l A™! (5+ ﬁ’*)} =0.

e—0" n—oo
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51. G51-ESTIMATOR OF SOLUTIONS OF LPP

Using some results from [Gir84] (Chapter 11, Section 17; Chapter 13, Section 11) we find
the G51-consistent estimator for the solution of the LPP, i.e., we obtain the estimator
under the conditions of general statistical analysis:

Gs1 (g,n) = miné' B (5+ ﬂ’) ,

ueL
where
A o -t T
B=Re{I(h+ic) +(4+3) (A4+D)} (4+7)
L= {*: Z<0,B(b+a@) >0, b+@)"BTBO+1) < 1},
91 > 92 > .. > ék > .- are measurable real solutions of the equation f,(f) = a, where

fn(0) =0Re[1+ 51a(9)]2
—eIm[1 + 61a(0))* + (61 — 62)[1 + 61 Re a(9)),

-1

a(0) = n'Te [1(0+ie) + (A+E) (A+3)|

0 = afbn, 0y = afbm.

(n)
!

THEOREM 51.1. For any n = 1,2,..., let the entries ,

the matrix X be independent,

,p=1,...n, I =1,....,m of
Exl(:;) = az(fll), Var 1:1(77) = JZ.

Let the generalized G-condition be fulfilled:

1

lim sup Uins; = < 00, limsup oﬁmnsgl = ¢y < 00, limsupm,n~t =c3 <1,

n—oo n—oo n—o0

Am +a > h >0, where \; > --- > \,,, are eigenvalues of the matrix AT A;

lim sup

n—oo

b'b+  sup Ez’f(ik] < 00,
where dy, are columns of the matrix A,
sup A; < 00,

n

for a certain § > 0



Ten years of GSA 643

where 7 = 6n ' >0 (a+ )\krl and

R 01 — 02 + 2« _1 m _2
hrl;l’isolip m&ln Zk:l (a + Ak) < 1.
Then
limp lim ‘Gm (e,n) —minc" {Ia+ ATA}_1 AT(b+@)| =0,
e—0" n—oo UER
where

R:{ﬁ: 7<0, Q<5+ﬁ> >0, <5+ﬂ)TQTQ(5+ﬁ) <1}7

Q= (Ta+ ATA) " A7,

52. (G52-ESTIMATOR OF SOLUTION OF LPP WITH NONSYMMETRIC
MATRIX A

From the previous Section (see also [Gir84]) it follows that the LPP can be formulated
in the following form: find

min & (af + ATA) " AT (5+ 1),

ueL

where
L= {ﬁ: 7 <0 B(E+ﬁ) > 0; (5+a’)TBTé(5+a‘) g1},

B=(al+ATA)"" AT,
Therefore, by Theorem 6.1 from Chapter 6 [Gir84], the following statement is valid.
Consider the G-estimator:
~1
Gs (€,n) = min & [01 Vil + XT (Cy —icl,) ™" X]
oM

% XT (Cy —icl,)"" (5+ 9)

where C; = (cliéij)??j:l, Cy = (CZiéij)ijl are diagonal matrices, whose diagonal entries
satisfy the canonical equation:

n —1
cp = a+ _2105-2){[<6ij(c2i—ia>>+x(aij (cri +i2) " X7] } ;p=1m,
J:

m -1 5
=1+ 3 off { (815 (c11 +0)) + X7 (815 (e — 1)) ™ X] } L k=1,..n.
= ii

M= {5: f<o, R(E+§) <0, (5+§)TRTR<E+§) 1},
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and

R= [Cl Viely + X7 (Cy —iel,) " X} XT(Cy —iely)”

THEOREM 52.1. Let E be a random matrix of the size n X m; m < n, whose entries
52] ; i=1,...,n; j=1,...,m are independent for every n,

E=A= (aij)j: Ef(n) ;(;;,),

2
[gkp P)} = n_1§ k=1,..np=1..m,
for a certain §

‘4+5

o, B (6] ~Bei) v

m
sup max Z llaju| + 1651 + Z lej| + Jai;| | < oo ligriior(l)f ce>0
1=1,..,n | j=1 j=1

and (see Section 50)
liminf 8y, > 0.
n—oo

Then

lim plim ‘G52 (e,n) — miné’ B (5—1— ﬁ) =0,

e—0 n—oo ueL

-1

where B = [Ia + ATA] AT, a >0,

—

L={aa<o, BE+@) =0, G+ B'BE+@) <1}

53. (G53-ESTIMATOR OF SOLUTION OF LPP OBTAINED BY INTEGRAL REPRE-
SENTATION METHOD

Our review would be incomplete if we did not mention the integral representation
method. In this section, under rather general assumptions and by means of integral
representations for determinants, we formulate the limit theorem for the distribution of
Zy of the equation

min Ef{#6 (@)} =Ef{#7 )]
Znt Ap(W)Tn <bp(w); £n>0
where A, (w) is a random n X n matrix, Z,, &, (w), by (w) are random vectors and f
is a measurable function. The basic result is that under certain conditions, the matrix
A, (w) can be replaced by the approximate matrix which has only diagonal random
entries equal to some sums of entries of the matrix A,, (w). If the law of large numbers
holds for these sums, then the diagonal entries can be replaced by deterministic values.
The obtained result makes it possible to simplify the calculation of the solution &7,
considerably, as well as to reduce the original stochastic problem to a deterministic one
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under certain conditions. Assume, that we have to solve the following linear stochastic
problem: find

GeL

B f (0 €0 () = inf/f(ﬁz, @) dG (i, )

on the distribution function set

L ={G (i, u2)}
= {P |7 () <@, §a () <o, |82 @) <1, F0 (@) 2 0], T<O},

where Z(w) is a solution of the system of equation

U+ An (W)} & (w) = 1 (w) + 7,

A, = (gfj”)) is a random matrix of order n; %, (w), 7, (w), ¥ are nonrandom vectors,
f is a certain measurable function chosen in such a way that there exists the integral
Ef (i"’n (W), & (w)) and random vectors &, (w), 7, (w) do not depend on matrix A4, =

(e5)-

Consider the G—estimator:
Gs3 = inf f(u , U dG (u , u2),
53 7, <0, GGL/ ( 2 1) ( 1 2)

where

L= {5 @) <, &uw) < @, 170 @) <1, G () 2 0], 7<0}

and ¥, (w) is a solution of the system of equations

I, + diag Z Vpilip, t=1,.,n| + X5 p §n = (W) + Un.
pETUK;

Here T; and K; are certain sets [Girb4, p. 248].
Using Theorem 8.4.1 from [Girb4, p.248] and the proofs of the previous theorems we
get

THEOREM 53.1. Let the vectors
(€. 67), iz g =1,00m
be independent for every n, and asymptotically constant,

lim lim P
h—oo n—oo

F 3 [ = o

ij=1

i=1

sup [|Tr B,| + Tr B, Bl ] < o0,
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V) = €00 — o) — ), plj)_/| pdPE 0 <o
x| <T

bij = pij + aij, Bn = (bij),
7 > 0 an arbitrary constant,
limlim inf P {|det 4| > h} =1, lim lim P{ &,

h]0 n—oo — 00 N—00

+ 1l =k} =0,

plim E VpiVip —Ci| =0, 1=1,..,n,
"0 | peT UK,

where ¢, are certain nonrandom constants, and the function |f (ds, )| is bounded by
a nonrandom constant. Then

Goa= jo, [ £, TP @, ) +00)

where F is a set of distribution functions

L ={F (i, uiz)}
= {P[in @) < € () <o g @I <1, G (@) 2 0], F<0}

and ¥, (w) is a solution of the system of equations

{In + By} in(w) = (W) + Tn.

54. G54-ESTIMATOR, OF SOLUTION OF LPP WITH BLOCK STRUCTURE

Suppose that instead of a matrix A we have a block matrix A+ X of the size p1 q1 X P2q2,

=(n)

where EEJ;)J{: =1,...,p1; s=1,...,p2 are independent, E_(n) =0, E H < 00.

From Section 52 it follows that the LPP can be formulated in the following form:
find

T T(7, =
1516120 (aI—I—A A) "4 (b—l—u),

where
p={a: a<0 B (5ra)z0 (Fra) 5 (I+0) <1},

-1

B=(al +ATA) " AT

By virtue of Theorem 5.1 [Gir84, Chapter 8] and Theorem 5.1 [Gir84, Chapter 10]
the following statement is valid [Gir84]. We introduce the following G-estimator:
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G54:m1nc [Cl—i-lf:‘] + X1 (Cy —iel,)” X} XT(Cg—ialn)fl(l_))—i—é'),
deM

where
M:{é’: 0<0, R(5+§> <0, (5+§)TRTR<5+§> gl},

_ [01 tiely, + X7 (Cy —iel,) ! X] XT(Cy —iel,) ",

where A is a matrix of size np x mq, n > m, a > 0 is a parameter of regularization € >

0; be R™P; de R™4; X is an observations of the matrix A+ =, = = ("Z(Jn))
=1 n

,,,,,

ij < o0, and

Ci = (Chém)mj 1,0y = (C2i5ij)?j:1 are block diagonal real matrices that are arbitrary
measurable solutions of the system of nonlinear equations

is a random matrix with independent blocks =™ El(;) 0, E H"(")

n

Ci + Re [ "(n)T = ] Io;
11 j; {QJJ} 5l Q:[szial,ka(Cl‘HEIm)_lXT]_1
m _w) B
Cor + Re ; [E Zkj {@Jj} _‘k:ji| [Cl-i-islm-i-XT(Cg—ieIn)*1x]’1 =1,

THEOREM 54.1. Let

lim _mex ZEH:WH +. max. ZEHHM < o0,
n—oo |i= =1,.

and let Lindeberg’s condition be fulfilled: for any T > 0

D2
lim 4, max ZEllumll x (12451l > 7)

n—oo | i=1,...,

+ qlax ZE ||~yzH x ([IZ5ill > ) 0,
j=1
P1q1 D242
sup [Z Ibil + > |ci|] < o0,
PL:P2 |, 1 i=1
and
P2 b1

lim , max Z|A”|+ _max Z|Aﬂ| < o0.

n—oo 1=
j 1
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Then

where

g

Chapter 14

lim plim ‘G54 —miné’ B (5—1— ﬁ) =0,
e—=Un—oo uer

B=[la+ATA] " AT,

@l <1, <0, B(b+i@) >0, (b+@)" BB+ i) < 1}.



